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Abstract: We initiate a systematic study of four dimensional J\f = 2 superconformal field 
theories (SCFTs) based on the analysis of their Coulomb branch geometries. Because these 
SCFTs are not uniquely characterized by their scale-invariant Coulomb branch geometries we 
also need information on their deformations. We construct all inequivalent such deformations 
preserving N = 2 supersymmetry and additional physical consistency conditions in the rank 1 
case. These include all the ones predicted by S-duality. We also find an additional deformation 
satisfying all the known N = 2 low energy consistency conditions, and conjecture that it 
corresponds to a new rank 1 SCFT. 

Some novel ingredients which are important for this study include: a discussion of RG- 
flows in the presence of a moduli space of vacua; a classification of local N = 2 supersymmetry¬ 
preserving deformations of unitary N = 2 SCFTs; and an analysis of charge normalizations 
and the Dirac quantization condition on Coulomb branches. 

This paper is the first in a series of three. The second paper [1] gives the details of the 
explicit construction of the Coulomb branch geometries discussed here, while the third [2] 
discusses the computation of central charges of the associated SCFTs. 
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1 Introduction and summary 

Four-dimensional J\f = 2 supersymmetric quantum field theories are notable for the richness of 
the techniques that have been brought to bear on solving for their supersymmetry-protected 
observables. These techniques have revealed the existence of many new non-lagrangian field 
theories as strongly coupled fixed points of RG flows or as decoupled factors upon tuning 
marginal couplings in known theories. Yet, despite the variety of techniques deployed, sys¬ 
tematic results describing these fixed points are lacking. One way of approaching this problem, 
which we will explore here, is to try to classify the possible geometries that can appear on the 
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moduli space of vacua of AA = 2 field theories. Finding a given such moduli space geometry 
does not imply that a corresponding M = 2 QFT exists, but classifying all possible such 
geometries puts constraints on the possible QFTs that can exist. 

We will focus on the Coulomb branch (CB) of the moduli space since it is not lifted under 
supersymmetric deformations [3, 4]. The massless fields in the generic vacuum on the CB are 
free vector multiplets with U(l)'’ gauge group. We approach the problem of classifying CBs 
in two steps: 

1) classify the possible physical scale-invariant CBs, 

2) classify their physical deformations. 

Scale invariant Conlomb branches. The first step addresses the question of what are the 
geometries which can be interpreted as CBs of A/" = 2 SCFTs. An M = 2 SUSY gauge theory 
with a rank r gauge group has an r complex-dimensional CB. We extend the definition of 
“rank” to non-lagrangian theories by defining the rank of a theory as the complex dimension 
of its CB. For the rest of the paper we only consider the rank 1 case. 

CBs of physically interesting theories are singular, and each singular point corresponds 
to a vacuum for which the theory contains additional massless states [3, 4] (for pedagogical 
reviews see [5, 6]). Conformal invariance constrains the geometry to be scale invariant. In 
the rank 1 case this restricts a CB to have a single singular point, since the distance between 
two distinct singularities would define a scale. Furthermore, scale invariance restricts a CB 
to be a flat cone with arbitrary deficit angle 5. The singular point is the tip of the cone and 
represents the conformal vacuum, while all other points at finite distance from the tip are 
vacua where the conformal invariance is spontaneously broken. 

The constraints from N = 2 supersymmetry and electric-magnetic duality further restrict 
the geometry of the CB to be special Kdhler (defined in more detail in appendix A). We choose 
a complex coordinate u on the CB with u = 0 at the tip of the cone; see figure la. The special 
Kahler condition restricts the deficit angle 5 to a finite set of values, determined by Kodaira 
long ago [7, 8], and reported here in table 2. 

The seven conical geometries are denoted in the table by Kodaira’s names for them: 
II*, III*, IV*, Iq, IV, III, and II. These seven geometries have been realized as CBs of 
physical N = 2 SCFTs [4, 9-11]. In the physics literature these geometries are often labeled 
by the flavor symmetry of a corresponding field theory as E^, Ej, Eq, D^, A2 (or H2), Ai 
(or Hi), and Aq (or Ho), respectively. But this naming scheme is confusing since many of 
these singularities are known to correspond to more than one SCFT with different flavor 
symmetries [4, 12], so we will stick to Kodaira’s original names. 

More importantly, the existence of inequivalent SCFTs with the same CB geometry calls 
for a more refined geometric analysis which can distinguish among the multiple theories. The 
goal of this paper is to present this analysis. 

The two infinite series at the bottom of table 2, denoted by In and I* in the Kodaira 
classification, have cusp-like geometries and are not scale invariant. These are the CBs of u(l) 
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Figure 1. (a) A regular, scale-invariant CB in the rank 1 case. The conformal vacuum is the tip of 
the cone, at rt = 0, while at points with u ^ 0 conformality is spontaneously broken, (b) A typical 
“near” deformation of the scale-invariant geometry, in which the conical singularity splits into several 
conical or cusp-like singularities, u = Ui, without affecting the asymptotically far geometry. 


and su(2) IR-free gauge theories, respectively. They play an important role in our analysis 
and will be discussed extensively below. 

Physical deformations. An example of two different SCFTs with the same CB was al¬ 
ready given in the original paper on the subject [4] where it was shown that an su(2) gauge 
theory with either Nf = 4 massless fundamental hypermultiplets or with one massless adjoint 
hypermultiplet (the AA = 4 theory) have the same CB geometry of type /q. These theories 
have different spectra of conformal primary fields, different global (flavor) symmetries, and 
different M = 2 mass deformations. Likewise, other scale-invariant CB geometries can corre¬ 
spond to multiple distinct SCFTs even though they have no direct lagrangian description. 

Our strategy is to identify the possible M = 2 supersymmetric deformations of a SCFT 
from their CB geometry, thereby probing some part of the spectrum of local operators in 
the theory. This information helps distinguish between SCFTs. Deformations (other than 
by exactly marginal operators) explicitly break the conformal invariance of the theory, and 
thus the scale invariance of the CB geometry. As we will argue in detail in this paper, the 
typical deformation of a CB geometry splits singularities, as illustrated in figure lb. A simple 
example of this is turning on a mass, m, for a charged hypermultiplet in a u(l) gauge theory. 
This mass term makes the hypermultiplet massive at the origin of the CB, thus modifying the 
singularity at n = 0, and also causes the hypermultiplet to become massless at a point on the 
CB with n ~ m, thus creating a new singularity there. The upshot of our analysis of section 
3 is that this splitting of singularities is a general effect of turning on relevant operators in 
non-lagrangian theories. 

For a given Kodaira singularity we define the deformation pattern of a deformation of 
its CB geometry to be the list of the Kodaira types of the singularities resulting from the 
splitting obtained by turning on a deformation. There are many deformation patterns for 
which no special Kahler CB geometry exists. Although we do not have a proof, it turns out 
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that in every case we examine where a CB geometry exists for a given deformation pattern, 
it is unique. We will therefore denote deformed CB geometries just by the topological data 
of their deformation patterns. For example, 

IV* ^ (1.1) 

is the deformation which splits an initial type IV* Kodaira singularity into two singularities 
of types {/i,/r}. 

Note that the existence of a deformed CB geometry is a necessary condition for the 
existence of a corresponding SCFT, but is not sufficient: there may not exist a unitary SCFT 
which, upon deformation by its relevant local operators, gives rise to that CB. Nor can we 
exclude the possibility that there could exist distinct SCFTs with the same deformed CB; 
for instance, they might differ only in their spectrum of irrelevant operators. It is reasonable 
to hope that in certain cases conformal bootstrap techniques could be used to rule out the 
existence of potential SCFTs, or alternatively S-duality and string techniques could be used 
to give evidence for their existence. 

In light of this discussion, we can reformulate the question of classifying rank 1 A/" = 2 
SCFTs into classifying all the physically allowed deformation patterns, as in (1.1). The 
problem we face is that the condition of low energy A/" = 2 supersymmetry by itself puts weak 
constraints on possible deformations: even for 1-dimensional Coulomb branches there seem to 
be too many possibilities. This raises the main question which we will address in this paper: 

What are the further physical constraints on the CB geometry that come from 
assuming the underlying theory is an AA = 2 SCFT, or a local J\f = 2 deformation 
of one? 

We are able to formulate a coherent answer to this question by adopting the following 

Safely irrelevant conjecture: A? = 2 conformal theories do not have danger¬ 
ously irrelevant operators. 

Motivating and providing evidence for this conjecture is one of the main subjects of this 
paper. It gets support mainly from the algebraic structure of complex deformations of special 
Kahler geometries. 

This conjecture is fairly strong, as it severely limits the occurence of accidental flavor 
symmetries in A? = 2 theories. As we will show, it implies that the only singularities on 
the Coulomb branch at generic values of the relevant deformation parameters (e.g., masses) 
correspond to “undeformable” IR fixed-point theories which admit only a very restricted set 
of deformations by relevant N = 2 operators. From the representation theory of the A? = 2 
superconformal algebra we can extract constraints on possible local J\f = 2 deformations 
of unitary SCFTs which limit the list of such possible undeformable fixed-point theories to 
certain special IR-free gauge theories plus a short list of possible (hypothetical) “frozen” 
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Safe deformations of regular, rank 1, scale-invariant CBs 

Kodaira 

deformation 

flavor 


central charges 

Higgs branches 

singularity 

pattern 

symmetry 

kp 

12 • c 

24-a 

hi 

ho 

II* 


Eg 

12 

62 

95 

0 

29 


sp(lO) 

7 

49 

82 

5 

16 

III* 


E7 

8 

38 

59 

0 

17 

Ul^/4} 

sp(6) © sp(2) 

5©8 

29 

50 

3 

8 


{h^} 

Eq 

6 

26 

41 

0 

11 

IV* 

{h\h} 

sp(4) © u(l) 

4© ? 

19 

34 

2 

4 



u(l) 

7 

U+h 

29+h 

h 

7 

T* 


so(8) 

4 

14 

23 

0 

5 

-'o 

{ii\h)^{i^} 

sp(2) 

3 

9 

18 

1 

1 

IV 

{/in 

su(3) 

3 

8 

14 

0 

2 

III 

W} 

su(2) 

8/3 

6 

11 

0 

1 

II 

{/I'n 

- 

- 

22/5 

43/5 

0 

0 

with the assumption of a frozen IV* SCFT with central charge c' 

II* 

{hJV*} 

su(2) 

7 

24c'+/i+4 

24c'+/i+37 

h 

7 

— 

— 

— 

or ^- 

— 

— 

— 


II* 

{Ii\lV*} 

G2 

7 

2Ac'+h+10 

24c'+/i+43 

h 

7 

III* 

{Ii,IV*} 

su(2) 

7 

16c'+/i+D 

16c'+/i+f 

h 

7 

with the assumption of a frozen III* SCFT with central charge c" 

II* 

{Il,III*} 

su(2) 

7 

18c"+/i+5 

18c"+/i+38 

h 

7 


Table 1. The Kodaira type of the scale invariant CB geometry (column 1), the resulting singularity 
types under a generic relevant deformation (column 2), and the flavor symmetry of the SOFT (column 
3). Note that by sp(2r) we mean the algebra of rank r; thus sp(2) = su(2) and sp(4) = so(5). We also 
list the kp, c and a SOFT central charges, the quaternionic dimension, hi, of the Higgs branch fiber 
over a generic point of the SCFT CB, and the quaternionic dimension, ho, of the Higgs branch fiber 
over the conformal vacuum. There are question marks where there is not enough information from the 
CB geometry to usefully constrain an entry. The deformations in the shaded rows are new, and their 
associated SCFTs have not been constructed. The meaning and interrelations of the first 3 columns 
are the subject of this paper, the explicit construction of the geometries associated to each row is the 
subject of [1], and computation of the last 5 columns is given in [2]. 

SCFTs. ^ This gives a list of the possible kinds of singularities that can appear on the CB 
of an A/" = 2 SCFT after turning on a generic relevant deformation and thus of deformation 
patterns of the kind appearing in (1.1). We will call deformations of CB singularities which 
satisfy this conjecture “safe deformations”. Safe deformations of CB geometries are tightly 
constrained by the Dirac quantization condition in the low energy theory, and by consistency 
of the web of RG flows among the various fixed points. 

In a companion paper [1] we use these constraints to find all safe deformations of rank-1, 

'^This classification of undeformable fixed-point theories also depends on the non-existence of A/” = 2 super- 
symmetric gaugings of discrete nonabelian flavor symmetries, discnssed in section 5. 
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regular, scale-invariant CBs. The results are listed in table 1, along with some of their prop¬ 
erties. Eleven of these have been previously constructed [4, 9-11] or predicted by S-duality 
arguments [12, 13]. The two inequivalent deformations of the Jq singularity are the two 
already mentioned rank-1 lagrangian SCFTs — su(2) Yang-Mills with four fundamental hy- 
permultiplets (top line) or one adjoint hypermultiplet (bottom line) — constructed originally 
by Seiberg and Witten in [4]. 

The five deformations in the shaded rows in table 1 are new. The first theory is the 
one mentioned in (1.1). This is a theory with a dimension 3 operator on the CB and a 
u(l) flavor symmetry. It is notable because upon turning on the u(l) flavor mass operator 
it flows in the IR to an IR-free su(2) gauge theory with a single half-hypermultiplet in the 
spin-3/2 representation, which is an example of a frozen fixed point theory: it does not admit 
any relevant N = 2 deformation. The last four entries in table 1 depend on the assumed 
existence — for which we have no evidence — of new frozen SCFTs with CB operators with 
scaling dimensions 3 and 4, and so are more speculative. 

The classification shown in table 1 is subject to two artificial assumptions, made to 
simplify the analysis: 

(1) the CB has “rank 1”, i.e., it is 1 complex dimensional, and 

(2) the CB is “regular”, i.e., the holomorphic symplectic form on the total space of abelian 
varieties fibered over the CB is non-degenerate at the singularities of the CB. 

The restriction to rank 1 is only for simplicity. If the restriction to rank 1 Coulomb branches 
is lifted, some of the techniques we use in [1] no longer work. Furthermore our starting point 
in the rank 1 case — the classification of the scale-invariant special Kahler geometries — does 
not yet exist for ranks 2 and higher. The physical meaning of the regularity assumption is 
not at all clear; its mathematical meaning in the rank 1 case is explained in appendix A. If 
the regularity assumption is dropped, there are additional examples [14] of Coulomb branch 
geometries satisfying all known physical consistency conditions. A notable feature of irregular 
geometries is that they may have non-planar topologies. 

A question which is closely related to the determination of physical consistency conditions 
on the CB geometry is: What part of the N = 2 SCFT data (primary operator spectrum and 
OPE coefficients) can be deduced from knowing the CB geometry? The obvious part of the 
answer to this question is that the spectrum of dimensions of the Coulomb branch operators 
can be read off from the scale-invariant CB geometry, and the web of RG flows among 
different fixed point theories can be read off from their deformations. Less obviously, the flavor 
symmetry of the theory is determined by the geometry of the CB deformation. As we will 
explain here, the flavor symmetry is uniquely determined by the facts that the Weyl group of 
the flavor symmetry is a symmetry of the family of deformed CBs, and that the central charges 
of gauge u(l)-neutral BPS sectors span the flavor root lattice. Finally, following the method 
of Shapere and Tachikawa [15], we show in [2] that the deformed CB geometry together with 
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information about the action of the flavor symmetry on certain maximal mixed Coulomb- 
Higgs branches can be used to determine the conformal and flavor algebra central charges. 
The Higgs branch data can be deduced from S-dualities, and is also tightly constrained by 
RG flows. In all the rank-1 cases, the chiral ring structure of the mixed and Higgs branches 
turns out to have a particularly simple form. 

It is worth mentioning how our approach relates to the conformal bootstrap program for 
M = 2 SCFTs [16-18]. The bootstrap uses analytic and numerical techniques to constrain 
the local operator algebras of CFTs and is largely complimentary to the one described here, 
where we assume in addition to superconformal invariance the existence of a Coulomb branch 
of vacua. The geometry of the Coulomb branch gives us little direct information on the 
algebra of operators at the conformal point since the conformal invariance is spontaneously 
broken at any point on the Coulomb branch away from the conformal singularity. Also, the 
amount of information about a SOFT encoded in its Coulomb branch geometry is far smaller 
than that of its full local operator algebra. Nevertheless, some properties of the SOFT are 
easily accessible and tightly constrained by the Coulomb branch geometry, but seem difficult 
to constrain using bootstrap techniques. For instance the scaling dimension, A{u), of the 
Coulomb branch operator is a free parameter in [18], while, by contrast, a geometrical analysis 
of rank-1 Coulomb branches constrains A(tt) to be one of 7 possible values. It is reasonable 
to hope that M = 2 bootstrap results can be considerably strengthened by utilizing some of 
the SCFT properties obtained from studying the geometry of the Coulomb branch along the 
lines discussed here. 

The rest of the paper is organized as follows: in the next section we briefly review the 
geometric structure of A/" = 2 SCFT Coulomb branches and review the classification of rank 1 
regular scale invariant singularities. In section 3 we describe the possible deformations of the 
Coulomb branch and clarify how these are related to deformations of the SCFT by relevant, 
marginal, and irrelevant operators. 

Section 4 is the core of the paper, and describes the constraints of A/" = 2 supersymmetry 
on deformations of Coulomb branches by relevant operators. We present a simple geometrical 
picture of these deformations, and use it to argue for the safely irrelevant conjecture mentioned 
above. We explain the implications of this conjecture for the (non)existence in AA = 2 theories 
of accidental flavor symmetries in the IR. Finally, we discuss the way in which the flavor 
symmetry manifests itself in the dependence of the CB geometry on the mass deformation 
parameters, and point out that there can exist families of special Kahler geometries whose 
mass dependence is not compatible with the flavor symmetry algebra being a reductive Lie 
algebra. Field theories with CBs with these geometries would then violate the Coleman- 
Mandula theorem. Rejecting such deformed geometries as physical CBs is compatible with 
and lends further support to the safely irrelevant conjecture. 

In section 5 we discuss the main practical implications of the safely irrelevant conjecture 
on the classification of rank 1 regular CB geometries. As mentioned above, Dirac quantization 
of electric and magnetic charges in the low energy theory on the CB plays an important 
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role. There are further consistency tests of the simple singularities conjecture following from 
the pattern of RG flows linking the SCFTs in table 1 and IR-free theories. The nature of 
these consistency tests and the intricate way in which they are satisfied will be explained 
heuristically in this section. A detailed exposition requires the construction of the curves, 
and is given in [1]. We end in section 6 with a brief discussion of the relation of our results 
to other results in the literature, of various open questions raised here, and of possible future 
directions. 

While more technical, the appendices also contain original results. Appendix A discusses 
rank 1 special Kahler geometries. Although probably known to experts, our discussion of 
charge normalizations and of the regularity condition on special Kahler geometries has not 
appeared before in the literature. In appendices B and C we review the representations of 
unitary Af = 2 SCFTs, and derive the forms of all possible local M = 2 supersymmetric 
deformations of SCFTs. To our knowledge such an analysis has also not appeared in the 
literature before. 


2 Scale invariant Conlomb branch geometries 

Lagrangian M = 2 gauge theories always possess a nontrivial moduli space of supersymmetric 
vacua where some of the complex scalar components, cp, of the vector multiplet have non-zero 
vevs. The part of the moduli space where only these fields get vevs is called the Coulomb 
branch (CB). There may also be parts of the moduli space where complex scalars in hyper- 
multiplets (matter multiplets) develop vevs, known as Higgs or mixed branches. We focus 
here primarily on CB geometries. 

In lagrangian theories the CB is r (complex)-dimensional where r is the rank of the gauge 
group. The physics on the CB is the Higgs mechanism where (y?) Higgses the gauge group 
to U(l)'’. For non-lagrangian theories we will take the dimensionality of their CBs as the 
definition of the “rank” of such theories. We indicate points on the CB by some complex 
coordinates u with, locally, u G C”. We restrict our discussion to rank 1 theories, so henceforth 
tt G C. 

The assumption of unbroken N = 2 supersymmetry constrains the low energy effective 
action on the CB, with the result that the CB geometry is (rigid) special Kahler (SK). In 
the rank-1 case this is a rather weak condition locally, and just says that the CB must 
be a complex manifold with metric (in a special coordinate system) ds^ = lmT{u) dudu 
where t{u) is a holomorphic function with positive imaginary part, but may be identified 
up to EM duality transformations, r —>■ (ar -|- 6)/(ct -|- d) for (“^) G SL(2,Z). (A more 
detailed discussion of the definition of rank-1 SK geometry is given in appendix A.) On 
any contractible set r is single-valued since SL(2,Z) is discrete. Furthermore, since the scalar 
curvature, R = — is non-positive and duT is a holomorphic function (i.e., single-valued), 

any complete SK geometries are flat. (This generalizes to rank > 1 SK geometries as well 
[19].) 
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Thus interesting SK geometries have singularities. The singularities are interpreted as 
vacua for which there are additional massless states in the theory charged under the low energy 
u(l) gauge symmetry [3, 4], In what follows we will refer to the singular SK geometries that 
occur on Coulomb branches of AA = 2 field theories as “CB geometries”. The basic question 
we are addressing in this paper is what are the conditions that incomplete SK geometries 
must satisfy at their singularities for them to be CB geometries. 

The simplest CB geometries correspond to those of AA = 2 SCFTs. The scalars u getting 
vevs on the CB have 


A(u) = r{u) > 1 (2.1) 

by unitarity bounds in the SCFT. Here A is the mass scaling dimension and r is the u(l)r 
charge. (We set our notation and normalizations for the A/" = 2 superconformal algebra and 
review its representation theory in appendix B.) The bound (2.1) already at rank 1 imposes 
a restriction on the allowed singular SK geometries, though it is implied by the regularity 
condition; see appendix A. 

The assumption of the existence of complex coordinates on the CB of definite dimensions 
satisfying (2.1) endows the CB with a faithful C* action, u i—)• for A G C*, making it a 

Kahler cone, with the singular point w = 0 at the tip of the cone corresponding to the super¬ 
conformal vacuum. Points with u ^ 0 introduce a scale ~ and thus spontaneously 

break scale invariance. For rank 1, this implies that the tip is the only singularity, and the 
CB geometry is that of a flat cone with r(n) = tq a constant; see figure la. The geometry of 
the cone is characterized by a deficit angle 5 = 2tt/A{u). 

Furthermore, the EM duality monodromy, Mq G SL(2,Z), around the tip of the cone is 
related to the deficit angle by SK geometry, as described in appendix A. The discreteness 
of SL(2,Z) and the unitarity bound (2.1) restricts scale-invariant CB cones to a small set of 
allowed deficit angles, classified long ago by Kodaira [7, 8] in a different context, and shown 
in table 2. 

Each of the geometries listed in table 2 in fact corresponds to the Coulomb branch 
geometry of at least one J\f = 2 SCFT. For instance, the Jq singularity, which depends 
on an adjustable dimensionless parameter r, is the CB of two different lagrangian theories, 
the conformal su(2) gauge theory with complex gauge coupling r = {0/2tt) + i{A7rfg‘^) and 
with either 4 massless fundamental hypermultiplets or 1 massless adjoint hypermultiplet [4].^ 
Similarly, SCFTs corresponding to the other singularities have been found either by RG 
flows from asymptotically free theories [9, 20] or by tuning exactly marginal couplings to 
special values (i.e., by S-duality) in conformal gauge theories [12, 13]. Likewise, the In and 
I* singularities with n > 0 correspond to the CBs of IR-free u(l) or su(2) gauge theories, 
respectively, whose 1-loop beta function coefficient is 6o = n (in a specific normalization 
discussed in section 5 below). ^ 

^The ei{T) functions appearing in table 2 are defined in [4]. 

^The mass scale A appearing in the description of the I„ and 7^ singularities in table 2 is the strong-coupling 
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Possible scaling behaviors 

near singularities of a rank 1 CB 


Name 

regular SW curve 
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-\- u 
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g*7r/3 

T* 

-'o 
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-/ 

TT 
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IV 
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3/2 

-ST 

Vk jZ 

g*7r/3 

III 

y"^ = x^ + ux 

3 

4/3 


37r/2 

i 

II 

y"^ = x^ + u 

2 

6/5 

(5r)-i 

h'K jZ 

g*7r/3 

o' 

A 

y"^ = x^ + ux^ + 

n + 6 

2 

_ rpn 

27r (cusp) 

ioo 

In (n>0) 

y"^ = {x — l){x^ + A~^u'^) 

n 

1 

rpn 

27r (cusp) 
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Table 2. Scaling forms of rank 1 regular special Kahler singularities, labeled by their Kodaira type 
(column 1), a representative family of elliptic curves with singularity at m = 0 (column 2), order of 
vanishing of the discriminant of the curve at u = 0 (column 3), mass dimension of u (column 4), a 
representative of the SL{2, Z) conjugacy class of the monodromy around u = 0 (column 5), the deficit 
angle of the associated conical geometry (column 6), and the value of the low energy u(l) coupling at 
the singularity (column 7). The first seven rows are scale invariant. The last two rows give infinite 
series of singularities which have a further dimensionful parameter A so are not scale invariant; they 
are IR free since tq = too. 

Yet this classification is not refined enough: each geometry in the Kodaira classification 
corresponds to multiple conformal field theories. Thus, we must go beyond scale-invariant CB 
geometries if we are to learn more about the corresponding SCFTs. Studying the inequivalent 
deformations of scale-invariant CB geometries which preserve a SK structure on the CB will 
allow us to learn about the N = 2 deformations of the corresponding SCFTs, and so gain 
information about the spectrum of operators of the SCFTs. Thus distinct deformations of 
the same scale-invariant CB singularity will correspond to distinct SCFTs. 

In weakly-coupled examples, where we have a lagrangian description, such inequivalent 
mass deformations are familiar: they correspond to different choices of gauge representation 
for the matter fields such that the gauge coupling remains marginal. The inequivalent mass 
deformations of the geometries associated to non-lagrangian theories can, heuristically, be 
thought of in the same way: they are strongly coupled rank 1 gauge theories all with the 
same “gauge group” (corresponding to the singularity) but with different “matter content” 
(corresponding to the different mass deformations). 

For instance, there are two different conformal su(2) gauge theories, one with 4 massless 
fundamental hypermultiplets, and one with 1 massless adjoint hypermutliplet. Nevertheless, 
they are described in the IR by the same Iq conical CB geometry. For the theory with 
four fundamental hypermultiplets, there are four independent complex mass deformations 

scale (Landau pole) of the corresponding IR-free theories. The singular geometries only describe the scaling 
in the vicinity of the IR-free point, i.e., are valid only for \u\ <C 
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breaking the so(8) flavor symmetry of the SOFT, while in the theory with a single adjoint 
hypermultiplet there is only a single mass deformation which breaks the sp(2) flavor symmetry. 

Recall from [4] that the effect of these mass deformations on the CB geometry is to split 
the conical /q singularity into a set of (cusp-like) singularities of In Kodaira type. From the 
lagrangian point of view this is easy to understand. In terms of AA = 1 superflelds, where the 
hypermultiplet is two M = 1 chiral superflelds, Q and Q, and the vector multiplet contains 
an adjoint M = 1 scalar chiral multiplet, <I>, the superpotential is of the form 

W = tT^Q^Q) + mtT{QQ), (2.2) 

where m is the mass parameter. This makes it apparent that the mass term for some compo¬ 
nents of the hypermultiplets can be cancelled by appropriately tuning the vev of on the CB. 
Thus, upon turning on m, vacua with massless hypermultiplets charged under the low energy 
u(l) gauge symmetry appear at different positions on the CB. These massless-hypermultiplet 
vacua are precisely the ones described by the Kodaira singularities. 

This splitting of the conical singularity into lower order ones deforms the geometry of 
the CB only in the region of the tip of the cone as pictured in figure lb. We will call 
deformations which do not change the geometry asymptotically far from the tip of the cone, 
near deformations. In the next section we will explain why this is the effect on the CB 
geometry of deforming a SCFT by a relevant operator, while irrelevant operators give far 
deformations which, by contrast, do not affect the geometry asymptotically close to the tip 
of the cone. We will not have much to say about far deformations here since they are difficult 
to tame using our techniques. Nevertheless, their classification is an interesting question, 
especially for IR-free theories. 

3 Operator spectrum and Coulomb branch deformations 

In this section we will elucidate the relationship between the deformations of AA = 2 super- 
conformal held theories by local operators and deformations of their moduli spaces. We start 
with a general discussion of the effects of RG flows on moduli spaces, then use this to analyse 
the effects of possible N = 2 supersymmetric local deformations of AA = 2 SCFTs. 

3.1 RG fio^vs and moduli space 

When a SCFT with a moduli space of vacua is deformed, the moduli space can either be 
(partially) lifted, or can be deformed. From the point of view of the low energy theory on the 
CB, M = 2 supersymmetry disallows any scalar potential for the u(l) vector multiplets.^ This, 
together with complex analyticity and the existence of asymptotically undeformed regions of 
the CB implies that the CB cannot be lifted, but only deformed [3]. Such asymptotically 
undeformed regions will be argued below to exist even in theories without any weakly coupled 

will show in section 3.2 that Af = 2 Fayet-Iliopoulos terms [21] — which can lift CBs — do not occur 
as local A/” = 2 deformations of SCFTs. 
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limit. This persistence of the CB is the main motivation for focussing on their structure: their 
deformations will reflect some of the structure of the SOFT. This is in contrast to Higgs (and 
mixed) branches where the low energy theory has neutral massless hypermultiplets. M = 2 
supersymmetry does allow potential terms for the scalars in hypermultiplets, e.g., the mass 
terms in (2.2). 

We now give a general discussion of the effects that relevant and irrelevant operator 
deformations can have on moduli space geometries. The basic picture that emerges is that 
the deformation of the moduli space under an RG flow provides a kind of “map” of the RG 
flow which contains an imprint of the crossover scale(s) of the flow. Another way of saying 
this is that for operators which do not lift the moduli space, it is not enough to specify the 
local operator deforming the UV fixed point to specify the flow, but one must also specify 
a particular vacuum in the moduli space. Specifying a vacuum in the moduli space can be 
thought of as turning on a specific relevant but non-local operator in the UV. We start by 
reviewing some basics about topologies of RG flows between fixed points. The notion of a 
dangerously irrelevant operator will be important in the next section. 

Generalities about RG flows. Consider a fixed point, P, with a relevant operator, TZ, 
of dimension A{TZ) < 4, and an irrelevant operator, V, of dimension A('P) > 4. When TZ is 
turned on at P it gives a flow which ends at a fixed point, R. We’ll call V a “safely” irrelevant 
operator at P if, when turned on at the same time as any relevant TZ, it leads to a flow ending 
at the same fixed point, R. V is a “dangerously” irrelevant operator [22] at P if, when turned 
on at the same time as TZ, it leads to a flow ending at a different fixed point, Sf 

Figure 2 illustrates the difference between a safely and a dangerously irrelevant operator. 
Here in each case the red flow is the one induced by turning on only the irrelevant operator, 
V, at P, and the blue flow by turning on only the relevant operator, TZ, at P. 

To each flow is associated one or more crossover scales describing the order-of-magnitude 
separation of scales where the effective theory is dominated by one fixed point or another. 
The shaded regions in the figures are the crossover regions, and the corresponding crossover 
scales (at various edges of the crossover regions) are denoted in green. E.g., to the relevant 
operator TZ there is a crossover scale fin such that for energies E » uti, we are near the P 
fixed point, and for E <C ^i-ji we are near the R fixed point. In the limit that we send the 
coupling to TZ to zero, 0; i-e., as we turn off the TZ deformation, we spend more “RG 

time” near P. Of course, if TZ is the only deformation, then this has no observable meaning, 
since ^-ji is the only scale in the theory. Similar comments apply to an irrelevant operator 
V at P: for E <C ^-p, the effective theory is near P, while in the opposite limit some other 
fixed point, say “O”, governs the flow. In the limit that we turn off the V deformation at P, 
fip —)• oo. 

®In [23] S. Gukov uses a different definition of dangerously irrelevant operator as an operator whose dimen¬ 
sion crosses from irrelevant to relevant along an RG flow. It is not clear to us what is the relationship between 
these two definitions. We thank S. Gukov for helpful comments on this point, as well as other points in this 
section. 
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(a) (b) 


Figure 2. (a) V is “safely” irrelevant at P. (b) V is dangerously irrelevant at P. 

For a safely irrelevant operator, V at P, when a relevant operator, TZ, is also turned on 
then there will be two corresponding independent crossover scales, fi-p and fi-ji- In the limit 
that the deformation of P by P and TZ is small, there will be a large separation of these 
scales, fi-p S> pL-ji; equivalently, the RG flow will spend a long “time” (corresponding to scales 
between and /ip) in the vicinity of P. 

Assuming smoothness of RG flows in theory space,® we see that to each dangerously 
irrelevant operator there will be a corresponding relevant operator S at R. When a danger¬ 
ously irrelevant operator, V, is slightly turned on at P and when the relevant operator TZ 
is also slightly turned on, then there will be three well-separated crossover scales generated, 
/ip ;:?> /ip S> /i^. Only two of these scales are independent (since only two independent 
couplings have been turned on at P): the larger /ip (compared to /ip), the smaller /i^. By 
dimensional analysis we must have fis = /ip/(/ip//ip) for some function /, and in the limit 
of large separation of scales /ip//ip —>■ 0 (where the flow arbitrarily closely approaches the 
OP-PR-RS segments) the leading behavior of / gives 

7 

(3.1) 

where 7 is some positive constant, characteristic of the theory (i.e., of P, V and TZ). 

®Note that [23] deduces the existence of non-smooth RG flows in some theories. This paper also treats 
cases with exactly marginal operators which we ignore here. 
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There is a simple counting relation between the number of independent dangerously 
irrelevant operators at P and the number and kind of relevant operators at P and R. Let ruv 
be the dimension of the manifold of relevant operators at the UV fixed point P, and ruv-!>iR 
be the dimension of the submanfold which flows to a given IR fixed point R. Similarly, let hr 
be the dimension of the space of relevant operators at that IR fixed point R. The dimension 
of the space of dangerously irrelevant operators at P which give flows relevant at R, duv-^-iR; 
then satisfies the relation 


dvv^m = riR - (ruY - (3.2) 

The logic is that relevant flows from P which do not flow to R give an (ruv ~ ^UV-^-ir)- 
dimensional space of relevant flows at R. Thus any further relevant flows at R must correspond 
to a dangerously irrelevant flow at P. (There are implicit assumptions in this argument that 
the space of relevant flows is always finite-dimensional, that RG flows are smooth, that they 
are always fixed-point flows, i.e., never flow to limit cycles, and that there are no exactly 
marginal operators.) If the initial hxed point P has a moduli space of vacua Aip, the picture 
is quite different and (3.2) no longer straightforwardly applies. We turn to this discussion 
now. 

Generalities about RG flows and moduli spaces of vacua. Now consider a fixed 
point theory P which has a moduli space of vacua, A4p, and further suppose that deforming 
the theory by TZ does not lift the moduli space, but may continuously deform it. (We will 
specialize below to the Coulomb branch of an AA = 2 theory, but for now keep the discussion 
general.) 

By scale invariance, the geometry of (any branch of) Adp is a cone, with a scale-invariant 
vacuum at the vertex and all other vacua are where some dimensionful field(s) get a vev 
“u”, and so spontaneously break scale invariance. Call the mass scale associated to u, fiu- 
Selecting a vacuum in Adp is an operation we can perform in the theory P; it is akin to 
deforming it, but by some nonlocal operator, e.g., by fixing the boundary values at spatial 
infinity for some scalar fields. Changing the vacuum in Adp is an operation that takes an 
infinite amount of energy (in infinite volume). So each point in Adp is the vacuum of a theory 
living in a different superselection sector. The superselection sector above the point u consists 
of a scale-invariant IR effective theory plus massive stuff of mass > /r^, since that is the only 
scale in the sector. (In the case of the Coulomb branch of an A/" = 2 theory, the IR effective 
theory is a free Maxwell theory for the generic vacuum.) 

Now consider deforming P by a relevant operator, TZ. This adds a scale (the crossover 
scale in the flow generated by TZ), /Up, well above which the effective theory is arbitrarily 
close to P, since TZ is relevant at P. What happens at scales well below /rp? By assumption 
the moduli space of vacua is not lifted. Let’s call the moduli space of the deformed theory 
Ad p+s-Tz ) where P + Sp refers to the theory corresponding to the fixed point theory at P 
deformed by the relevant operator 6p = f d^xTZ. The sector above a vacuum 

at large u, i.e., with >> /ip, is nearly the same as that sector in the undeformed theory 
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P. The reason is that TZ, being a relevant operator, has little effect on the theory on scales 
E P> fJ-Tz- But the scale symmetry breaking by vev u has happened at these high scales if 
^J‘u /U 7 ^, so all that is left at scales < is the (generically free) scale-invariant IR stuff, 
which is not lifted, by assumption. Thus relevant operators correspond to deformations which 
modify the geometry near the P singularity, but do not change it at large distances,^ 

Mp+s^ PS Mp for \u\ > iJTi. (3.3) 

We call such deformations near deformations. 

If instead P is deformed by an irrelevant operator, "P, then there is a crossover scale /r-p 
below which we will be close to P. Above /rp the dynamics is controlled by a different fixed 
point, O, and so, by the above argument, it is O which determines the large-n behavior on 
the moduli space. Thus irrelevant operators correspond to deformations which modify the 
geometry of Alp at large distances, while leaving the vicinity of the singularity P unchanged, 

Mp+s.p^Mp for |u| <C ^p. (3.4) 

We wil call such deformations far deformations of the CB. 

For V a safely irrelevant operator, if we turn on both V and TZ, we can deform both the 
near-P and far-P regions. For large-enough separation of scales, ixp P> /ip, there will be an 
intermediate region of the deformed moduli space which closely approximates Alp, as well 
as a region of small |?i| which approximates Afp. 

A dangerously irrelevant operator, P, turned on at the same time as a relevant operator, 
TZ, will not only deform the distant regions, |u| P> /ip, as above, but also the near region 
1^1 ^ hs corresponding to the relevant deformation of R by S. Thus there will be two 
intermediate regions, /ip ;:!> |u| P> /ip where Af « Alp, and /ip P> |n| ;§> /i^ where Af ~ Afp, 
as well as a near region |ii| <C /i^ where Af ~ Af^. 

For concreteness, consider the case where a relevant deformation at a fixed point P results 
in a near deformation of the moduli space which splits the conical singularity into two or more 
other singularities. (We will consider other possible behaviors later.) Call the coordinates 
of the singularities Ui, i = 1,2,..., and name the IR fixed point theories at those points Pj. 
The typical separation of the Ui singularities is /ip, as this is the only scale in the problem. 
From the above discussion, for points u G Mpps^^ close enough to Ui, the low energy action 
on the moduli space will be governed by the P* fixed point. The moduli space of P* is (by 
scale invariance) a cone Afp., so 

MppSji^Mr^ for |u-Uj|</ip. (3.5) 

Afp and its deformation Af p+< 5 ^ are illustrated on the top two lines of figure 3. 

^By |w| we mean the distance on Afp+i^ measured in units of mass. This is the usual metric on the moduli 
space induced by the low energy effective action nlsm terms since free scalars in four dimensions have mass 
dimension 1. 
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(a) (b) 


Figure 3. (a) 5 is a relevant operator at P. (b) S is related to a dangerously irrelevant operator, 
V, at P. 

Now consider a situation where the Ri fixed point theory (after the relevant TZ deforma¬ 
tion of the P theory) itself has a relevant deformation S. This deformation either is or is 
not related to a dangerously irrelevant operator. In the latter case, shown in figure 3(a), S 
must also be a relevant operator at P. In this case S and TZ can be turned on independently, 
and so the associated crossover scales are arbitrary, though figure 3(a) shows a case with 
Ps < The green shaded regions on the various deformed CBs represent the crossovers 
between areas where the geometry is (close to) the scaling geometry determined by a single 
fixed point. 

By contrast, in the case where S is turned on by a dangerously irrelevant operator, V, in 
P, the geometry of the moduli space is deformed at large vevs, as shown in figure 3(b). The 
scale, /r-p, at which this deformation becomes apparent diverges to infinity as —>■ 0. Thus 
there is a clear qualitative difference in the CB geometry associated with relevant deformations 
in the IR that flow from relevant versus (necessarily dangerously) irrelevant operators in the 
UV. 

As mentioned above, the counting relation (3.2) relating the dimensions of spaces of 
relavant opertors at the UV and IR fixed points to the dimension of the space of dangerously 
irrelevant opertors no longer makes sense when there is a moduli space of vacua, since, as we 
have emphasized, the notion of a single IR fixed point does not make sense. We will discuss 
how to properly interpret this kind of relation in the case of rank-1 CBs in section 4.3. 
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3.2 Local deformations of AA = 2 SCFTs 


The possible local Af = 2 supersymmetric deformations of a SOFT are built as integrals over 
space-time of some Lorentz scalar descendant, 6, of a superconformal primary field X. To 
deform the theory it should not be a total derivative, so 5 can only be a descendant formed 
by acting with some combination of the eight M = 2 supercharges, Q and Q, on X, 

Sn,m ~ Q^Q^X (3.6) 

for n,m ^ {0,1,..., 4}. To be AA = 2 supersymmetric, Q or Q acting on it must annihilate 
it or give a total derivative. This can happen either by virtue of the supersymmetry algebra 
or if the primary X satisfies a null state condition by virtue of it being in a shortened 
representation of the superconformal algebra. The unitary, positive energy representations of 
the N = 2 superconformal algebra and their associated null states are reviewed in appendix 
B. Then, as in the J\f = 1 case [24], it is a straightforward exercise to classify the allowed 
deformations. This argument is given in appendix C, with the resulting 6 types (and their 
conjugates) shown in table 3. In every case the primary X turns out to be a Lorentz scalar, 
and we list its su(2)fl-spin i?, u(l)K-charge r, and dimension A. In the table, ii^, r^, and 
are the su(2)/j-spin, u(l)fl-charge, and dimension of the deformation operator descendant. 
The conjugates 5n,m = ^m,ni have the same properties but with the sign of the u(l)j:j charges 
reversed. Note that (5o,o is just the identity operator. 


Local Af = 2 deformations of SCFTs 

Deformation type 

~ Q^Q^X 

Primary operator rep. &: charges 

X e R r A 

Deformation op. charges 

R& rs As 

<5o,0 

<5o,2 

<5o,4 

<^ 2,2 

< 52,4 

< 54,4 

= X 

= &)lx 

= Q^X 

= {Q^)W)lX 
= {Q^)lQ^X 
= Q^Q^X 

Bo 0 0 0 

Bi 10 2 

£r{0,0) 0 >1 r 

Br >2 0 2R 

^R,r(0,0) >1 2ii+r 

>2R+2+\r\ 

0 0 0 

0-1 3 

0 r-2 A-b2 > 3 

R-2 0 A+2 >z 6 

R-1 r-1 A-b3 > 6 

R r A+4 > 6 


Table 3. The quantum numbers {Rs: fs, A^j) of local operators preserving N = 2 supersymmetry that 
can deform an Af = 2 SOFT, along with the representation and quantum numbers (i?, r. A) of the 
primary field, X they are descended from. 

We have also listed the type of superconformal representation the primary is in, using 
the naming scheme of [25], whose definitions and properties are listed in table 6 in appendix 
B. We see that all deformations up to and including dimension 6 are in protected (short) 
multiplets. In particular all relevant and marginal operator primaries are in Br and Br ^. ( o , o ) 
representations. The Higgs, Coulomb, and mixed branch scalar moduli are primaries of 
precisely these representations; see appendix B. 
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In our analysis we are particularly interested in relevant operators. From table 3, the 
relevant operators are the R = 1, (5o,2 = deformations of dimension 3, and the i? = 0, 

<^ 0,4 = Q”^‘£’r(o,o) deformations with 1 < r < 2 which have dimensions 3 < A < 4. (£’^( 0 , 0 ) is 
another name for a ^_R,r-(o,o) niultiplet with R = 0.) This explains the pattern of dimensions 
of deformation parameters of scale invariant Coulomb branch geometries observed in the 
literature.® There we see either deformation parameters with dimensions 0 < A < 1, or 
parameters with dimensions A G N. The former correspond to the do ,4 deformations and the 
latter to the do, 2 deformations. 

Note that all relevant deformations have Rs = 0, so do not break the su{2)ii symmetry. 
This means that the Fayet-Iliopoulos term which is allowed by AA = 2 supersymmetry (and has 
Rs = 1) [21] is not allowed as a local M = 2 deformation of a unitary J\f = 2 superconformal 
theory. 

We now take a closer look at the effects of the allowed relevant deformation operators. 

Relevant deformations: mass terms. The R = 1, do ,2 deformations necessarily trans¬ 
form in the adjoint representation of the flavor symmetry algebra, F, since their primary 
operator is in a Bi multiplet which contains conserved flavor currents, J^, which by defini¬ 
tion carry an adjoint index, A = 1,... ,dim(F’). Thus the general R = 1, do, 2 deformation 
has the form® 

niA j (i^xQ^X^ + c.c.^ ioi ^ B\. (3.7) 

Although there are dim(T) dimension-1 complex parameters, m^, in (3.7), since they are 
related by the F global symmetry, they give rise to only rank(T) inequivalent deformations 
of the SCFT. This is because generic values of the rriA break F —)• u(l)’’“^(^) xi Weyl(T), 
where Weyl(T) is the Weyl group of F These inequivalent deformations are labeled by a 
generating set of the rank(T) algebraically independent adjoint Casimirs formed from the ruyi, 
which are Weyl(T)-invariant polynomials. A generating set can be taken to be homogeneous 
polynomials in the mA- Although there is no unique (canonical) generating set, the set of the 
degrees of the generators is unique, and uniquely determines Weyl(F). 

Upon weakly gauging the flavor symmetry of the SCFT (after adding free massless hy- 
permultplets transforming under F, if necessary, to make the F coupling IR-free), the ruA 
become vevs of the T-vector multiplet scalar, enlarging the Coulomb branch. Since Coulomb 
branches are complex varieties, we learn upon taking the flavor gauge coupling to zero that 
the Coulomb branch of the deformed SCFT can only depend holomorphically on the mA- 
Furthermore, as explained above, the broken flavor symmetry implies that the deformed CB 
can only depend on Weyl(T)-invariant combinations of the m^, implying that there will be 

®See however [26] for an example showing that the assignment of these scaling dimensions may be ambiguous. 

®The supercharges are understood to be acting to the right by (anti)commutators and are contracted with 
X to Lorentz and su(2)i{ singlets in a particular way; see appendix C for the details. 

^°The Weyl group is a hnite group generated by real reflections that is a certain subgroup of the isometry 
group of the root system of F; Weyl groups for simple Lie algebras are listed in tables, e.g., [27, 28]. 
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rank(F) deformations parameters of integer dimensions corresponding to the degrees of the 
adjoint Casimirs of 

We will now argue that the effect of these mass operators is to split the conical singularity 
on the CB into multiple Kodaira singularities. Being relevant operators, they can only lead 
to near deformations of the CB. This deformation can do one of three things: (i) remove 
(smooth out) the singularity, (ii) not split the singularity, (iii) or split it. 

Possibility (i) is ruled out because a near deformation cannot change the EM duality 
monodromy at infinity on the CB and all Kodaira singularities have nontrivial monodromy 
(and are, in fact, characterized by them), whereas a removal of the singularity would give a 
trivial monodromy at infinity. A geometrical argument leading to the same conclusion is that 
since the Kodaira singularities all have positive deficit angles, any smoothing of them would 
necessarily create regions of positive scalar curvature, contradicting the non-positivity of the 
scalar curvature on SK manifolds. 

Possibility (ii) is similarly constrained. If the singularity does not split, but changes 
Kodaira type, then the monodromy constraint is violated. If the singularity type stays the 
same but the geometry is modified in a region around the singularity, the non-positivity of 
the curvature will be violated somewhere in the deformation region. So the only possibility is 
that the geometry is changed by at most an overall shift of the position of the tip of the cone, 
which has no effect on the CB geometry. Though a logical possibility, such an overall shift is 
unnatural since it implies a decoupling of the relevant mass deformation operator from the 
low energy theory on the Coulomb branch which is not enforced by a symmetry. We will 
assume that this kind of “invisible” relevant deformation does not occur. 

The possible exception to this is when the conformal theory has a free (gauge singlet) 
vector multiplet. This multiplet then describes a u(l) gauge factor decoupled from the rest 
of the theory. It contributes a flat cartesian factor C to the CB geometry. In the rank-1 
case this would be the whole CB, which would therefore have no singularity and trivial EM 
monodromy. (Though it is not listed in table 2, it is called the lo, or regular fiber, in the 
Kodaira classification.) However, there is no allowed mass term in a free u(l) pure gauge 
theory. 

Note that this discussion also applies to deformations of the non-scale-invariant In and 
/* Kodaira singularities which correspond to IR-free u(l) and su(2) gauge theories, respec¬ 
tively, with massless charged hypermultiplets (a more detailed discussion of the In and I* 

^'^This argument also implies [29] that since the the niA enter the deformed SCFT in the same way as CB 
vevs, they must also satisfy the CB “D-term” constraint 

= 0, (3.8) 

where are the structure constants of F. This means that although turning on an arbitrary complex 

tbaQ^Xa deformation preserves Af = 2 supersymmetry, adding its complex conjugate breaks the supersym¬ 
metry unless (3.8) is satisfied. It would be interesting to understand how this follows from the SCFT operator 
algebra. Presumably it is related to the Q^Qy descendant of the Bi primary appearing on the right side of 
the (y) ~ ja; — -I- jx — y\~^ fc^iv) + • • • OPE. But we do not understand directly how this 

operator breaks N = 2 supersymmetry. 
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singularities will be given below). But now there is an exception to the argument eliminating 
possibility (ii). In the case of the u(l) theories there is a free gauge-singlet vector multiplet 
which decouples in the IR and whose vev therefore has dimension 1 and can be shifted by a 
mass term for a u(l) factor of the flavor symmetry. This can be restated as saying that a mass 
term (3.7) with mass parameter m corresponding to a u(l) factor of the flavor symmetry may 
deform the CB geometry by an overall shift of a CB parameter u with A(rt) = 1. Indeed, 
only in this case does m carry the same dimension, R-charges, and flavor quantum numbers 
as does u. 

So, by elimination, the effect of a mass term (3.7) must be to split a scale-invariant Ko- 
daira singularity into two or more Kodaira singularities. This splitting is tightly constrained 
by the SK geometry of the CB, as we discuss in detail in the next section. 

Relevant deformations: chiral terms. The second class of AA = 2 supersymmetric 
relevant local deformations of a SOFT are chiral terms (i.e., integrals over a chiral half of 
M = 2 superspace) of the form 

^ J d^xQ^X -|-h.c. with X G £r{o,o) for 1 < r < 2. (3-9) 

Here recall that Tr(o,o) ^-re the short superconformal representations with dimension A = r 
scalar primaries which can get vevs on the Coulomb branch. The complex parameter ^ has 
mass dimension and u(l)/^ charge 2 — r. Furthermore, ^ is a flavor singlet since, by su(2)/j 
conservation, Sr cannot appear on the right side of the SrBi OPE. 

The same arguments as for the mass terms imply that the effect of these terms is also 
to split singularities. As before, an exception occurs when a Coulomb branch multiplet 
decouples. This happens in the r —)• 1 limit, where [25] 

li™‘S’r (0,0) = ^0 (0,0) ® • (3.10) 

The (D multiplet is the short multiplet containing the £ primary and is a free vector multiplet, 
and the Bi multiplet’s primary is the second level descendant {Q‘^)q£] it is necessarily a flavor 
scalar since £ is, so must generate a u(l) factor of the flavor symmetry. Thus in this limit 
Q'^X = [(Q^)g(Q^)QA]'^ = {Q'^)qX' with X' G Bi (where the indices denote spins and R-spins 
following the notation introduced in appendix C). This shows that in this limit the chiral 
term becomes a mass term for a u(l) flavor generator. Since it is also accompanied by a 
free vector multiplet it is precisely the mass term which shifts but does not deform the In 
singularities.^^ 

Marginal deformations. The possible marginal operators are of the form (5o,4 = ^^<^ 2 ( 0 , 0 ) 
(with Rs = rs = 0). By the arguments of [24] these can only be either exactly marginal 

^^This argument also shows that (3.7) with X a u(l) flavor generator and m the CB vev of a free u(l) vector 
multiplet is the only allowed relevant coupling between a SCFT and u(l) multiplets; answering a question 
posed in [30]. 
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or marginally irrelevant at a SOFT without free fields. Furthermore, [24] show that the set 
of exactly marginal deformations is the Kahler quotient of the space of marginal couplings 
by the M = 1 flavor symmetry, If we embed the AA = 1 in the M = 2 algebra 

by = iQi,Q 2 ) then the u(l)j generated by r — commutes with the M = 1 

u(l)^~^^ symmetry, so the Af = 1 flavor symmetry obeys Z) F x u(1)j. Alternatively, 

if we embed the A/" = 1 in the N = 2 algebra by [Q' = (<52, —Qi) then the u(l)j/ 
generated hy r R 3 commutes with u(l)^~^\ so the flavor symmetry for this Af = 1 theory 
obeys i^'(A=i) ^ p x u(l)j-/. Therefore an AA = 2 marginal operator is neutral under all 
AA = 1 flavor symmetries only if it is neutral under F and has r = R 3 = 0 and therefore is 
u(l)j:j X su(2)/j neutral. 

The (5 o, 4 marginal deformation is u(2)/j neutral, so is exactly marginal when it is neutral 
under the {Af = 2) flavor algebra F. But this operator is, in fact, flavor neutral because ^^( 0 , 0 ) 
cannot appear in the 13i x £1^(0, 0 ) OPE by R-spin conservation. Thus the only possible exactly 
marginal Af = 2 operators are the fourth-level descendant of dimension-2 CB operators, 
( 5 '^T 2 (o,o)) stated in [18]. 

4 Physical deformations 

In this section we describe the constraints that Af = 2 supersymmetry puts on possible near 
deformations of scale-invariant Kodaira singularities. The special Kahler (SK) conditions that 
the N=2 CB geometries satisfy are not apparent from the relation of the CB chiral ring to 
the local SCFT deformations discussed in the last section. These SK conditions put further 
constraints on possible near deformations of the CB. We will show that, at least in the rank-1 
case, these SK conditions are weak: the problem we face is that they present no obstruction 
to “turning on” two SK-preserving near deformations to obtain a larger SK near deformation. 
Indeed, each Kodaira singularity has a unique maximal SK deformation (to be defined below) 
which was already constructed in [9-11]. So the question becomes: when is a sub-maximal 
deformation (a restriction of the maximal deformation to fewer parameters) a physically 
distinct deformation? This can only be answered by going beyond the SK conditions and 
using other physical conditions. The main purpose of this section is to motivate a conjecture 
for the key physical condition that deformations of CBs must satisfy. 

4.1 Special Kahler constraints on splitting of singularities 

As argued in the last section, relevant local Af = 2 deformations of SCFTs give near deforma¬ 
tions of a Kodaira singularity which splits the singularity (with the exception of a u(l)-flavor 
mass deformation of an singularity which simply shifts the singularity position). Each 
singularity which follows from the deformation should be interpreted as a IR fixed point, thus 
the geometry around the singularities should be locally scale-invariant. In other words the 
split of a scale-invariant singularity can only result into singularities which themselves belong 
to the Kodaira classification reported in table 2. We will call the pattern of the deformation 
the list of Kodaira types of the singularities that result from the splitting. Examples of these 
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Figure 4. Singularities and their monodromies on the CB before and after a relevant deformation. 
(This is a “top down” view of figure 1.) The solid points with coordinates Ua are the singularities. 
The Ka G SL{2,Z) are EM duality monodromies associated to the closed paths looping around these 
singularities, and satisfy Kq = K 3 K 2 K 1 . 


deformation patterns are shown in the second column of table 1; e.g., the second deformation 
listed there splits the II* singularity into six Ji singularities and one /4 singularity. 

The SK condition constrains this splitting in a number of ways. Since the deformation is 
a near deformation (i.e., does not affect the geometry asymptotically far from the singularity), 
the total electric-magnetic (EM) duality SL(2,Z) monodromy around the singularities cannot 
change. This means that the product of the monodromies around the split singularities must 
equal the monodromy around the original singularity, as shown in figure 4. Note that the 
Kodaira type of the singularity does not determine its EM monodromy, but only its conjugacy 
class in SL(2,Z), shown in table 2. 

Eurthermore, the positions of the singularities on the CB are given by the zeros of a 
polynomial in u, the discriminant of the SW curve, Dx, discussed in appendix A. A near 
deformation cannot change the order of the polynomial since that would involve changing the 
asymptotic behavior of the CB geometry. So deformations of singularities must proceed by 
splitting zeros of Dx of multiplicity greater than one into multiple zeros of lower multiplicity. 
Each Kodaira singularity has a characteristic order of vanishing of Dx, listed in table 2. In 
this way we get a hierarchy of Kodaira singularities, ordered by decreasing order of vanishing 
of Dx- Eor instance, the largest value of ordo(T*a:) for a scale-invariant singularity is 10 
for the II* singularity. So upon splitting this singularity only Kodaira singularities with 
ordo(T) 3 ;) < 10 can appear, and all possibilities can easily be listed: II* —)> {III*,Ii}, II* 
{l 3 ,/i}, II* {l 9 ,/i}, II* —7- {IV*, 12 ], etc. This limits near deformations to a finite 
but large number, 383, of distinct possible deformation patterns. Not all of these patterns 
can be realized in such a way as to satisfy the monodromy constraint explained above. It 
is not an easy problem to determine which of the deformation patterns are disallowed by 
this monodromy constraint, but it is not hard to see [1] that at least many dozens of these 
patterns are consistent with it. 

A maximal deformation splits a Kodaira singularity into ord(Ila;) Ii singularities, and 
is always realizable. Since the order of vanishing of Dx of an Ii singularity is 1, no further 
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splitting is possible. The set of relevant operators which implement the maximal deformations 
for each of the singularities in the Kodaira classification, along with the explicit form of their 
SW curves and 1-forms were constructed in [9-11]. Every sub-maximal deformation pattern 
can obviously be extended by further splittings to the maximal deformation pattern. 

This raises the question: what physical effect can prevent singularities from splitting? As 
already mentioned, each singularity (after deformation) is an IR fixed point. Saying it cannot 
be further split means either 

(i) as a GET it has no further relevant deformation operators (other than CB shift opera¬ 
tors), or 

(ii) it does have relevant deformation operators, but they cannot be turned on by relevant 
deformations of the UV fixed point. 

Note that possibility (ii) means that there must be dangerously irrelevant operators in the 
UV associated to the “extra” relevant operators at the IR fixed point, as explained in the last 
section. 

We will now argue that possibility (ii) does not occur. Upon explicitly constructing 
the geometries of SK deformations of the Kodaira cones, we find [1] that there are no SK 
obstructions to turning on near CB deformations simultaneously. Concretely, what this means 
is the following: Suppose that a near deformation of a Kodaira singularity with parameters 
{mi} is turned on, and splits the singularity into some IR singularities. If one (or more) of 
the resulting IR Kodaira singularities has further deformation parameters, {m'^}, then we 
find that we can always construct a SK near deformation of the original singularity with the 
enlarged set {mj} U {m'^} of deformation parameters. 

This statement is equivalent to the following property of rank-1 SK deformations: Every 
submaximal deformation can be realized simply by restricting the vector space of linear 
deformation parameters — e.g. mass parameters with A{mi) = A(m[j) = 1 or chiral term 
parameters with 3 < A(/x) <4 — to a linear subspace. It is easy to see (see appendix A for 
the details) that such a restriction of a SK deformation will give another SK deformation, 
but it is not obvious that every submaximal SK deformation is found in this way. Indeed, 
we do not have a proof of this property, but only observe it to be true of all the rank-1 SK 
geometries that we have been able to construct. The details of these constructions are given 
in [1] and thus are evidence for the validity of this property. 

Consider a conformal theory P deformed by a relevant operator TZ with parameters {m*} 
which leads to the splitting of the initial singularity of theory P. Say that one of the resultant 
singularities is associated to an IR fixed point Ri at which a further relevant deformation 
S with parameters {m'^} is turned on. The above property then says that there is a near 
deformation of the CB of P by {m^} U {m[j} which leads to the same near deformation of 
the Ri CB geometry as would be obtained by turning on 5 at i?i. To exclude possibility (ii) 
we need to show that S cannot be a dangerously irrelevant operator. Dangerously irrelevant 
operators, as we discussed in section 3.1, deform the Coulomb branch in a very distinctive 
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manner, that is by deforming at the same time the near and the far region. There is nothing 
that “forces” the near deformation of Ri by S to be accompanied by a far deformation, and 
therefore S cannot associated to a dangerously irrelevant operator at P. In other words, the 
absence of obstructions to extending near deformations of SK geometries leads to the picture 
of AA = 2 RG flows given in figure 3a and not the one given in figure 3b. This is evidence for 
our main “safely irrelevant” conjecture: 

N = 2 conformal theories do not have dangerously irrelevant operators. 

We will see that this conjecture dramatically constrains the possible physical deformations 
of the scale-invariant Kodaira singularities, nearly restricting it to the set of conformal field 
theories already known from RG flows and S-dualities of lagrangian theories. This in itself 
can be interpreted as a kind of evidence for the correctness of the conjecture. It would be 
interesting to analyze higher-rank lagrangian and S-class theories to test this conjecture. 

Accepting this conjecture, we are constrained to possibility (i) above, which says that we 
should only consider as physical a deformation which is “complete” or “non-extendable”, i.e., 
only if all of its resultant IR singularities are theories that admit no further deformations. 
The IR singularities can only be one of the Kodaira singularities shown in table 2. Which of 
these can correspond to theories which admit no further deformation? 

4.2 Undeformable singularities 

In section 3.2 we showed that a relevant local N = 2 supersymmetric deformation of a SGFT 
splits singularities unless it is a mass operator of the form (3.7) for an overall u(l) flavor 
symmetry factor in an IR free theory described by an /* singularity with n > 1. So other 
than this case, a singularity is undeformable only if it corresponds to a theory which admits 
no relevant operators, either mass terms (3.7) or chiral terms (3.9). We will now study which 
of the Kodaira singularities listed in table 2 can be undeformable. 

Types 11, III and IV 

The type II, III, and IV singularities have CB parameters with dimension 1 < A(m) < 2. 
Their corresponding SCFTs therefore have a superconformal scalar primary field of type 
‘^r(o,o) with 1 < r < 2 whose vev is u. These theories necessarily have a chiral term deforma¬ 
tion of the form (3.9) and therefore cannot be undeformable. 

Type I^ 

The type Iq singularity has GB parameter of dimension 2, and so has a superconformal 
scalar primary field of type ^ 2 ( 0 , 0 )- When the Iq singularity is not weakly coupled, i.e., 
when its parameter r 7 ^ ioo, its GFT will have an exactly marginal chiral term deformation 
by the discussion in 3.2. With the additional assumption that turning on this marginal 
deformation changes the r parameter of the Iq singularity, i.e., that r is not constant on the 

^^Note that examples of W = 1 flows with dangerously irrelevant operators are found in [23]. 
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conformal manifold, then holomorphy of r implies that r must cover some multiple of SL(2, Z) 
fundamental domains, and therefore will include the r = ioo weak coupling point. But a 
weakly coupled rank-1 theory with a dimension-2 CB parameter must be a scale invariant 
su(2) gauge theory, i.e., either the one with four fundamental hypermultiplets or the one with 
one adjoint hypermultiplet. These have an so(8) and an sp(2) flavor symmetry respectively, 
and so in both cases they have mass deformations. This singularity therefore cannot be 
undeformable. 

We are ignoring here the possibility of a non-lagrangian “frozen” Iq singularity. This 
could for instance arise by weakly gauging an su(2) subgroup of the flavor group of a putative 
rank-0 SOFT, ‘Wq”. In order for the singularity to be scale invariant, the Xq contribution to 
the su(2) beta function should be such that the beta function vanishes. While in order for the 
singularity to be frozen, there must be no commutant of the su(2) in the Xq flavor group. To 
our knowledge no such rank-0 SOFT is known to exist; nevertheless, we further explore this 
possibility in [1]. In particular, we show that the assumption of a frozen Iq ~ su(2) w/ Xq 
is physically consistent and it would imply the existence of an additional 3 physical rank-1 
SCFTs with F 4 , so(7) and su(3) flavor groups. (We call this set of theories the iQ-series in 

[I]-) 

Types ir, III* and IV* 

These strongly coupled theories do not have relevant chiral term deformations since their CB 
parameters all have A(u) > 2. It is conceivable that “frozen” SCFTs with CBs of types II*, 
III*, or IV* exist which do not admit any relevant deformation and, in particular, have no 
flavor symmetry. Such conjectured non-lagrangian “frozen” singularities are speculative, as 
we have no evidence either for or against their existence. We know of no argument showing 
that all SCFTs corresponding to these singularities must have non-trivial flavor symmetries, 
or, equivalently, necessarily admit mass term deformations. Perhaps bootstrap arguments 
could address this question. On the other hand, we know of no construction (e.g., using 
string techniques) that imply the existence of AA = 2 theories with these types of CBs and 
empty flavor symmetry. 

We will discuss below what are the implications for the classihcation of rank-1 SCFTs if 
one assumes the existence of one or more of these frozen SCFTs. In particular, we will show 
that the assumption of frozen type III* or IV* SCFTs allows the existence of additional 
(deformable) SCFTs shown in table 1. 

Types In, n>0 

In singularities with n > 0 are IR free theories with a CB parameter of dimension A(u) = 
1. They therefore must be u(l) gauge theories. The In singularity has a EM-duality 
monodromy (see table 2) and therefore corresponds to a u(l) theory with beta function with 
one-loop coefficient proportional to n [3, 4]. Choose the normalization of the u(l) gauge 
coupling so that a hypermultiplet with charge 1 contributes 1 to the one-loop beta function 
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coefficient. Then a u(l) gauge theory with N massless charged hypermultiplets of (electric) 
charges Qa, a = 1,..., N, gives an singularity with n = J2a=i Qa- 

For instance, an singularity could be realized by a u(l) gauge theory with n charge-1 
hypermultiplets, or by one with a single charge-\/n hypermultiplet. In the first case, the 
theory would have a u(n) flavor symmetry and thus n distinct mass deformations, while in 
the second case the theory has a u(l) flavor symmetry and a single mass term. (Electric and 
magnetic charges which are multiples of square roots of integers are allowed by the Dirac 
quantization condition; see the discussion of charge normalizations in appendix A and section 
5.2.) 

As discussed above, a mass term deformation of an IR free u(l) gauge theory where the 
mass is for an overall u(l) flavor symmetry factor is the only kind of mass deformation which 
does not split the singularity, but instead only shifts its position on the CB. This is easy to 
see since this deformation gives a common mass to all the hypermultiplets, and so can be 
undone by a shift in u as in the discussion after (2.2). This shift deformation will be the only 
deformation of the u(l) theory if it has only a single massless hypermultiplet, for if there are 
two or more hypermultiplets, then there will be additional deformations which change the 
relative masses of the hypermultiplets and split the singularity. Therefore, for each n > 0, 
there is one theory with an undeformable /„ singularity, namely, the u(l) gauge theory with 
a single massless hypermultiplet of EM duality invariant charge Q = ^/n. 


Types /*, n > 0 

singularities with n > 0 are IR free theories with a CB parameter of dimension A(n) = 2. 
They therefore must be su(2) gauge theories. For such a theory to be undeformable it must 
have no relevant J\f = 2 deformations. Since A(n) = 2, there are no relevant chiral term 
deformations (3.9). So the possible relevant deformations are mass terms of the type (3.7) 
which are associated to flavor symmetries. An undeformable /* singularity must therefore 
correspond to an IR free su(2) gauge theory with no flavor symmetry. We will now show that, 
perhaps surprisingly, such “frozen” IR free theories exist, and imply that there is at least one 
frozen theory giving an /* singularity for each n > 0. 

Consider an AA = 2 su(2) gauge theory with massless half-hypermultiplets (which have the 
field content of an A/" = I chiral multiplet) transforming in a reducible representation 
where R denotes the irreducible su(2) representation of dimension R. Then the coefficient of 
the one-loop beta function is proportional to 


6o = -r(3) + ^^r(R,,) 

i=l 


(4.1) 


where T'(R) is the Dynkin index of the representation R. Choose a normalization of su(2) 
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generators where the generator in irrep R is 


/R-1 


\ 


R-3 


i3(R) := 2 


(4.2) 


R + 3 


\ 


R 1J 


Then a standard normalization for the Dynkin index is 


r(R) := 2 trR(ti) = - l)R{R + 1), 


(4.3) 


so r(2) = 1, r(3) = 4, T(4) = 10, etc. Therefore, in this normalization, the theory is IR free 
whenever > 8. 

Even-R su(2) representations are symplectic (pseudo-real) while those with odd R are 
orthogonal (real). An J\f = 2 gauge theory can be consistently coupled in an AA = 2 super- 
symmetric way to any number N (even or odd) of half-hypermultiplets in a given symplectic 
irreducible representation, giving an so(A") flavor symmetry factor. For an orthogonal repre¬ 
sentation, only an even number, 2N, of half-hypers can be coupled, giving an sp(2A^) flavor 
factor [31].^'^ Also, these theories have to be free of the Z 2 global anomaly [35] which is the 
case if the total Dynkin index of all the Weyl fermions in symplectic representations is even 
in the normalization of (4.3). It is not too hard to check that with these constraints on the 
representation content, the one-loop beta function coefficient bo defined in (4.1) is an integer. 

A single half-hypermultiplet in any symplectic irrep will contribute an so(l) — i.e., empty 
— flavor factor. Thus IR free su(2) gauge theories with only this kind of matter content will 
have no flavor symmetry, and thus will have no M = 2 relevant deformations. Since T(2r) > 8 
for r > 1, all such theories will be IR free except for the one with a single half-hypermultiplet 
in the 2 irrep. The index of irreps R with R = Ak are even while those with R = 4A: -|- 2 
are odd. Therefore the Z 2 anomaly-free IR free frozen su(2) gauge theories are ones with 
at most a single half-hypermultiplet in each even-dimensional su(2) irrep and with an even 
total number of half-hypermultiplets in irreps whose dimensions are 2 mod 4. Thus the list 
of frozen su(2) theories with smallest one-loop beta functions have half-hypermultiplets in 

easy way to see this is to view the gauge theory as a gauged linear sigma model with the complex scalars 
of the half-hypers forming the target space. Then as long as the target space has a hyperkahler structure with 
respect to which there is a triholomorphic su(2) isometry, then this isometry can be gauged in an Af = 2 
supersymmetric way [32-34]. For example, if there are N half-hypers in the 2r of su(2), then before gauging 
there are IrA^ free real scalars, so the target space has an so(4rA) D su(2)_r x sp(2A'^r) isometry under which 
they transform as the 4rN = (2, 2Nr). The su(2)i{ factor is the R-symmetry which ensures the triholomorphic 
nature of the sp(2A'^r) flavor symmetry. Now gauge the following su(2) subalgebra of the sp(2Nr) factor: 
sp(2A^r) 3 sp(2r) x so{N) 3 su(2)gauge x so{N) such that the 2Nr decomposes as 2Nr = (2r, N) = (2r,N). 
The last factor is the so{N) global flavor symmetry. A similar argument gives the sp{2N) flavor symmetry 
for 2N half-hypers in an orthogonal 2r-|-l irrep, since so(2(2r-|-l)2A^) 3 su(2)_r x su(2)gauge x sp{2N) under 
which 4(2r-|-l)N = (2,2r-|-l,2N). 
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representations 


4 

2©6 

2©4©6 

8 


bo = 1 
bo = 14 
bo = 19 
bo = 38 


(4.4) 


It will turn out that only the first theory in this list will play a role in the classification 
of rank-1 CB deformations.^^ To our knowledge the existence of such frozen IR free gauge 
theories has not been noted before. 

The next question is which I* singularities correspond to each of these frozen theories. 
This is basically a question of determining charge normalizations, that is, the normalization 
of the su( 2 ) gauge generators relative to that of the generator of the low energy u(l) gauge 
symmetry on the CB. 

Note first that the order of vanishing of the discriminant of an I* singularity at u = 0 is 
n + 6 , and so its maximal deformation splits it into n + 6 /i singularities. It is straightforward 
to write this deformation as the general complex deformation of the SW curve for the I* 
singularity listed in table 2, and check that it has n + 4 independent deformation parameters 
with dimensions {2,4,..., 2n + 6 ; n + 4}, see [38]. These are the dimensions of the adjoint 
Casimirs of so(2n + 8 ) so this must be the flavor symmetry of the maximal deformation of 
the I* singularity, and the corresponding IR free su(2) gauge theory is the one with 2n + 8 
half-hypermultiplets in the 2 irrep. This theory has one-loop beta function coefficient bo = n 
in our normalization (4.1). 

Now, as discussed above, an R singularity has the unique interpretation as an IR free 
u(l) gauge theory with a single massless hypermultiplet with EM duality invariant charge 
Q = 1 (in the charge normalization explained in appendix A). On the other hand, since the 
Ii singularities arise from a general mass deformation of an su( 2 ) theory with hypermultiplets 
in the 2 irrep (which have eigenvalues ± 5 ), it follows upon higgsing su( 2 ) —)• u(l) on the 
CB that Q = 2to. (More precisely, Q can be twice any of the eigenvalues of ts.) 

We derived this connection between our u(l) and su(2) charge normalizations by identi¬ 
fying the maximal deformation of an I* singularity with a certain su(2) gauge theory. More 
generally, any allowed su( 2 ) representation for massless hypermultiplets with bo = n will give 
an IR free theory whose CB is described by an I* singularity. The different possible choices 
of hypermultiplet representation with bo = n will have different mass deformations and so 
will give rise to different deformations of the I* singularity — indeed, this is a lagrangian 
illustration of our basic motivation for studying CB deformations in the first place. 

^®Upon breaking A/” = 2 to A/” = 1 by giving a mass to the adjoint chiral multiplet in the su(2) vector 
multiplet, the theory with a single half-hypermutiplet in the 4 (or spin-3/2) irrep flows to the interesting 
theory discussed in [36, 37]. 
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However, this analysis depended on our initial choice of normalization of the su(2) gen¬ 
erators (4.2), which was arbitrary. If we rescale the generators by a factor a so that ts —)• ats, 
then u(l) charges on the CB will be rescaled by the same factor, and the one-loop beta func¬ 
tion coefficient (which is proportional to a sum of squares of charges) will be rescaled by a?. 
Thus an I* singularity will correspond to such a charge-rescaled su(2) theory if 

n = a^bo, (4-5) 

and will have u(l) charges on the CB given by 

Q = 2at^. (4.6) 

To be clear: we are keeping our definitions of bo, to, and T(R) fixed to be (4.1), (4.2), and(4.3) 
in this discussion, and are only letting the positive parameter a vary. 

But not every value of a is allowed, because the set of allowed u(l) charges on the CB is 
constrained by the Dirac quantization condition to be (integer multiples of) square roots of 
positive integers, £ N; see the discussion in appendix A. Combining this condition with 
(4.2) and (4.6) we arrive at the following possibilities: 

G j N if all hypermultiplets are in orthogonal irreps, 

G N otherwise. (4.7) 

The first case is allowed since the orthogonal irreps are odd-dimensional, and so the eigenvalues 
of to are integers by (4.2). Note that this is the case where the global form of the gauge group 
is allowed to be SO(3) = SU( 2 )/Z 2 . In the second case in (4.7) the global form of the gauge 
group must be SU(2). The extra freedom in the normalization of the charges summarized in 
(4.5), (4.6), and (4.7) will play an important role in the next section and it will be exploited 
in detail in [2]. For now we focus on its implications for the question of frozen I* singularities. 

We have seen that a frozen su(2) theory has a half-hypermutiplet in a symplectic rep¬ 
resentation. Therefore G N by (4.7). Consider the first frozen su(2) theory in (4.4) with 
6 o = 1 which has one half-hypermultiplet in the 4. We see that it can give an I* singularity if 
we take a = \/n, in which case the charges on the CB will be quantized in units of Q = \/n. 
Next, the bo = 14 theory with half-hypermultiplets in 2 © 6 can give rise to singularities 
with a = Q = y/n. And so forth. Thus, for example, the /^g singularity corresponds to three 
different frozen su( 2 ) theories: one with a half-hypermultiplet in the 8 and charges normalized 
to Q = 1; one with half-hypermultiplets in 2 © 4 © 6 and charges normalized to Q = \/2; and 
one with a half-hypermultiplet in 4 with charges normalized to Q = \/38. 

As discussed in the last subsection, possible deformations of the scale-invariant Kodaira 
singularities can be classified by their deformation patterns which are constrained by the re¬ 
quirement that the sum of the orders of vanishing of the discriminants, ordo(Da,), of the sin¬ 
gularities does not change upon deformation. Since the largest ordo(T)a;) for a scale-invariant 
singularity is 10, the only frozen I* singularties that can appear are those with n G {1,2,3} 
since ordo(D 3 ;) of /* is 6 + n. These can only correspond to the frozen su(2) theory with a 
half-hypermultiplet in the 4. 
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Discrete gauging 

Another way one might imagine constructing frozen or undeformable singularities is by start¬ 
ing with a deformable theory and gauging a discrete global symmetry to form a new theory. 
The discretely gauged theory will have the same number of degrees of freedom (and hence 
the same rank) as the original theory, but only combinations of operators neutral under the 
discrete group will be allowed. In particular, gauging a large enough discrete symmetry may 
disallow all of the relevant operators, leaving a frozen theory. 

We will now present some arguments indicating that this does not occur in AA = 2 
supersymmetric theories. Since these arguments are less than rigorous, it is important to 
point out that if the conclusion is wrong and discretely gauged frozen singularities are allowed, 
then our classification of safe deformations given in table 1 will have missed some possibilities. 

Consider a SCFT with a continuous flavor symmetry algebra F and, therefore, with 
rank(F) mass deformations. We can gauge a discrete subgroup of Aut(F), the group of 
automorphisms of F. Consider first the subgroup of inner automorphisms, Int(T’) C Aut(T), 
which acts by conjugation by elements of the maximal torus of F. Finite abelian subgroups 
Z C Int(T) fix a subalgebra Fz G F of the same rank: rankF^ = rankT; see, e.g., ch. 
11 of [39] for a discussion. However, it is not too hard to see that non-abelian subgroups, 
F C Int(T), can always be found that fix only the trivial subalgebra, Fr = 0.^® Thus gauging 
such a nonabelian discrete subgroup F C Int(T) would eliminate the flavor symmetry and 
thus the mass deformations, giving a “frozen” theory. 

This kind of construction allows us to construct frozen versions of all our lagrangian 
theories including the IR free ones, giving many new safe deformation patterns. It is possible 
that these deformation patterns are actually realized among rank-1 M = 2 SCFTs by starting 
with discretely gauged versions of lagrangian SCFTs then flowing with relevant operators or 
tuning marginal operators to arrive at new strongly coupled SCFTs. 

An alternative to accepting this multiplication of the number of inequivalent lagrangian 
field theories is if there is some obstruction to the discrete gaugings. For instance, one can try 
to realize gauging an inner automorphism of the flavor symmetry by constucting it as the low 
energy limit of a larger theory without discrete gaugings. Take the original theory with flavor 
symmetry F, and weakly gauge F (if necessary, add additional free hypermultiplets and let 
them transform under F to make the F gauge coupling IR free). Then one can engineer a low 
energy theory with a subgroup T G F gauged by adding a Higgs field with vev invariant under 
F and integrating it out. However, in AA = 2 theories this does not work since the Higgs will 
be part of a hypermultiplet or vector multiplet and its vev cannot be fixed to a specific value; 
instead the theory will have a whole moduli space of allowed vevs and accompanying massless 
degrees of freedom, and so will not flow in the IR to the desired theory with T G F discretely 
gauged. But, this argument may not be convincing since one can imagine engineering the 

^®For example, ii F = su(2), then IntfF) = SU(2) acting by conjugation on F. The discrete Z 2 C SU(2) 
generated by the Pauli matrix ci hxes Tzj — u(l), but the 8-element nonabelian binary dihedral subgroup 
D 2 C SU(2) generated by ai and (T 2 Hxes Fd2 = 0. 
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theory as above but without demanding J\f = 2 supersymmetry at the Higgs scale; the N = 2 
supersymmetry would then be an accidental symmetry in the IR. 

The above discussion does not apply to outer automorphisms, Out(F) := Aut(F)/Int(F). 
However, outer automorphism groups for reductive Lie algebras are relatively small and gaug¬ 
ing them can reduce the rank of F but not freeze it completely [39]. Thus, though interesting, 
even if gauging outer automorphisms of F is allowed in AA = 2 theories, it does not affect our 
above classification of undeformable theories. 


- o - 

In summary, the safely irrelevant conjecture together with constraints from the allowed 
form of relevant deformations oiN = 2 SCFTs implies that under generic deformations, scale 
invariant CB singularities must split into a collection of undeformable In and /* singularities, 
and perhaps also frozen //*, III*, and IV* singularities. Restricting to deformation patterns 
only involving these singularities reduces the number of possible deformation patterns from 
383 to 122. But the fact that these generic IR singularities must all be undeformable allows 
us to determine the charges of light BPS states on the CB, and thereby further dramatically 
reduce the number of consistent geometries using the Dirac quantization condition. 

Before we turn to the Dirac quantization constraint, however, we pause to discuss some 
of the implications of the assumed lack of dangerously irrelevant operators for the counting 
of relevant operators and for the appearance of flavor symmetries in the presence of a moduli 
space of vacua. 

4.3 Operator counting on moduli spaces 

The operator counting relation (3.2) must be modified in the presence of a CB of vacua. In 
the absence of dangerously irrelevant operators at the UV fixed point we have duv-s^iR = 0 
and (3.2) gives as the number of independent relevant operators in the IR 

DR = ruY - ruv^lR, (4.8) 

where ruv is the dimension of the space of relevant operators in the UV and ruv-!>iR is the 
dimension of the subspace of those opertors which flows to the given IR fixed point. But, in 
the presence of a CB there is not a single IR fixed point, but rather a whole CB of IR fixed 
points. So we should re-interpret (4.8) by replacing the notion of an IR fixed point with the 

whole CB geometry. In particular, we should interpret rjR as the dimension of the space of 

relevant operators of the theory with a given non-scale-invariant CB. 

Then, since every distinct relevant operator (including the choice of its crossover scale) 
leads to a different CB, the subspace of operators which flows to a given CB geometry is just a 
point, so its dimension vanishes, ruv-s>iR = 0. Thus, in the absence of dangerously irrelevant 
operators at a UV fixed point, we have from (4.8) that the number of relevant operators in 
the IR does not change from the number in the UV: 

UR = ?’uv- (4.9) 
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For mass terms this agrees with the local operator analysis of the last section, since mass 
terms transform in the adjoint of the flavor symmetry, and so leave an unbroken 
flavor symmetry in the IR. Therefore the number, rank(F), of independent flavor deformations 
remains the same. When the UV theory has chiral terms, (4.9) implies that there must be a 
corresponding relevant deformation of the IR CB geometry. 

As discussed in section 3 local relevant deformations of a theory with a CB show up 
as near deformations of the CB geometry, i.e., ones which do not change the asymptotic 
geometry at large CB distances. By the discussion of the last subsection, a generic deformed 
CB will have some number of disctinct singularities which cannot be further split. So any 
further deformation can only shift their relative positions. In the vicinity of a singularity, by 
the discussion of local M = 2 deformations in section 3, a shifting deformation is a relevant 
mass term for a u(l) flavor symmetry at an /„-type singularity. For the other Kodaira types 
of singularity, a CB shift does not correspond to any local relevant operator. 

Since the safely irrelevant conjecture implies that there must be on the generically de¬ 
formed CB only either “frozen” singularities with no flavor symmetry or undeformable In type 
singularities with u(l) flavor symmetry, it follows that there must be at least rank(F) of the 
In type singularities to account for the generically unbroken flavor symmetry. If 

there are only In type singularities, then there must be at least rank(F) + 1 of them since one 
overall u(l) flavor symmetry is a gauge redundancy, corresponding to an unobservable shift of 
the entire CB; it is only the relative shifts of the singularities which are physical. The number 
of In singularities may exceed these lower bounds for a couple of reasons. First, the global 
electric and magnetic parts of the low energy u(l) gauge invariance of the Coulomb branch 
can mix with the flavor u(l)’s [4] giving up to two^^ additional In singularities. Second, the 
flavor u(l)’s of the different singularities might simply not be independent of one another. 
For example, the u(l) flavor symmetries of two distinct singularities might act identically in 
the theory and so be the same u(l) symmetry. 

There are non-generic deformations of the CB where some simple (i.e., non-abelian) 
factors of the flavor symmetry remain unbroken. As discussed earlier, mass term deformations 
which break non-abelian flavor symmetries necessarily split singularities. These splittable 
singularities thus each carry the action of one or more simple factors of the partially broken 
flavor symmetry. As in the u(l) case in the previous paragraph, it is possible that there be 
more than one singularity that carries the same simple flavor symmetry factor, but that they 
do not act independently. 

We have emphasized above (and in section 3) a point of view which interprets the whole 
moduli space of a deformed theory as the appropriate object to replace the notion of an IR 
fixed point when analyzing RG flows. An RG flow in this picture is thus a deformation of 
a scale invariant moduli space into a non-scale-invariant one which retains the “imprint” of 
the crossover scales of the RG flow. One could, instead, interpret RG flows in the more 

^^This number depends on the (electric, magnetic) charge vectors of the light hypermultplets at the sin¬ 
gularities. If these vectors are all commensurate then only one linear combination of the global electric and 
magnetic u(l)’s acts on the CB. If some are incommensurate then both u(l)’s act independently on the CB. 
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traditional way as a path between two fixed points, where now the UV fixed point is the 
conformal vacuum (superselection sector) at the tip of the conical (scale invariant) moduli 
space, and the IR fixed point is a particular choice of vacuum on the deformed moduli space. 
Thus, in this picture we specify not only the UV theory and some local relevant deformation 
operator, but also a particular “relevant” nonlocal deformation operator which picks out the 
particular vacuum superselection sector. We have avoided the latter point of view because it 
makes it difficult to clearly distinguish between safely and dangerously irrelevant operators. 

For example, in a theory with a CB vev u of scaling dimension A(u) = r with 1 < r < 2, 
there is a local relevant chiral term of the form (3.9) where {X) = u for X G ^^(o.o)- This 
theory therefore also has a local irrelevant operator 

6 -p = u J + h.c. with X‘^ € £ 2 r {o,o)- (4-10) 

If one interprets a scale invariant (conical) moduli space in terms of RG flows from the 
conformal vacuum at the vertex of the cone to a given IR vacuum point away from the 
vertex, then the above irrelevant operator looks dangerously irrelevant: upon turning it on 
and turning on the nonlocal operator that sets {X) = u, the above operator induces the 
operator 

5s = ‘ 2 .uu J d^xQ^X + h..c. (4.11) 

which is a local relevant chiral term (3.9) with /r = 2uiy. But this induced “relevant” operator, 
associated with a crossover scale increasing as |u|, gives a far deformation of the CB geometry 
as in (3.4). So from the point of view of its effects on the CB developed in the last section, 
it should simply be understood as the typical effect of any irrelevant operator and not as the 
sign of a dangerously irrelevant operator. 

It is to avoid this type of confusion of the action of the spacetime nonlocal “choose-a- 
vev” operation with the flows generated by local operators that we keep track of the change 
of the whole moduli space geometry. This infomation makes the distinction between safely 
and dangerously irrelevant operators apparent, as illustrated in figure 3. 

4.4 Action of the flavor symmetry on families of deformed CBs 

Upon deforming the SOFT by mass terms the flavor symmetry is broken to u(l)’^“'^(^) x 
Weyl(T), so there are rank(T) linearly independent complex mass parameters, rrii, that the 
family of deformed CB geometries can depend on. The discrete Weyl symmetry further 
restricts these parameters to appear in the CB geometry only in Weyl(T)-invariant polynomial 
combinations, Ma{mi). Thus there will be rank(T) algebraically independent deformation 
parameters, {M^}, of integer dimensions given by their degrees as polynomials in the linear 
masses. 

Although there is no unique way of choosing a basis of the M^, the set of their dimensions, 
{A{Ma)}, is unique, and, furthermore, these dimensions completely determine Weyl(T). In 
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fact, the Chevalley-Shephard-Todd theorem [40, 41] tells us that the set of degrees of the 
polynomials in the linear masses uniquely determines the discrete complex reflection group 
symmetry acting linearly on the linear masses which leaves the Ma invariant. But most 
complex reflection groups are not Weyl groups of compact reductive Lie algebras.^® 

The Coleman-Mandula theorem [42] (and its conformal version [43]) states that unitary 
local CFTs can only have compact reductive Lie algebras as internal (flavor) symmetries, and 
so we expect physical CB deformations should have only Weyl group symmetries. In fact we 
find that for all deformations consistent with the safely irrelevant conjecture the reflection 
symmetry is indeed Weyl. If one lifts this condition, and allows deformation patterns that 
include type II, HI, or IV Kodaira singularities, it is easy to construct examples with non- 
Weyl reflection group symmetry (see [1] for some examples).^® This is additional evidence for 
the correctness of the safely irrelevant conjecture. 

Thus the Weyl group of the flavor symmetry of a CFT is encoded in the dependence of 
its CB geometry on the deformation parameters. This dependence is not directly related in 
any simple way to the topological data of the deformation (its pattern of splitting into unde- 
formable singularities and the SL(2,Z) monodromies of those singularities). In a companion 
paper [1] we show how to explicitly construct CB geometries realizing this topological data. 
From these solutions the Weyl group can then be read off. 

The Weyl group alone does not uniquely determine the flavor symmetry algebra since 
the Weyl groups of the rank-n simple Lie algebras and are identical.^® The flavor 
symmetry enters the CB effective theory in a different way through the spectrum of allowed 
BPS masses. As reviewed in appendix A, the BPS masses get contributions from linear 
integral combinations of the m, mass parameters corresponding to the flavor root lattice, 
Ap. The flavor-invariant metric structure of this lattice, however, does not enter in the CB 
geometry, and without this data the only information about the flavor symmetry that can 
be deduced is its rank: Aj? ~ ^rank(F)_ But, by combining the Weyl symmetry action on the 
masses together with this lattice, one can reconstruct (up to an overall scale factor) the metric 
structure on A^?, and thus use it to distinguish between Bn and Cn flavor symmetries. This 
is explained more fully in [1] where this procedure is used to deduce the flavor symmetries 
associated to the CB deformations listed in table 1. 

5 Dirac quantization, special Kahler, and RG flow conditions 

In the previous section we concluded that upon turning on a generic relevant deforma¬ 
tion, the scale invariant Kodaira singlarities in table 2 must split into singularities which 
cannot be further deformed. We identified undeformable singularities as being one of the 
{In, In, H*, III*, IV*} type singularities. We can thus classify the possible safe deformations 

^®Weyl groups are real reflection groups which are lattice isometries. 

^®Higher-rank examples of SK CB geometries with non-Weyl reflection symmetries have appeared implicitly 
in [44, 45] where the complex integrable systems corresponding to such SK geometries is constructed. 

= so(2n -I- 1) and Cn = sp(2n). 
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of the seven scale-invariant Kodaira singularities by their deformation pattern, which is the 
list of undeformable singularities that they split into upon turning on a generic relevant de¬ 
formation. As discussed earlier, the sum of the orders of vanishing of the discriminants of the 
Seiberg-Witten curves associated to each singularity cannot change under deformation. This 
then limits the number of possible deformation patterns to 122. 

These deformation patterns are not all physically allowed. There are further constraints 
that they must satisfy coming from demanding low energy Af = 2 supersymmetry, and from 
demanding consistent low energy field theory interpretations. The low energy supersymmetry 
constraint is satisfied if the deformed CB is special Kahler. As reviewed in appendix A this 
means that there should be consistent EM duality monodromies around the singularities and 
that a SW 1-form exists with residues which are integral linear combinations of the linear 
mass parameters. A consistent low energy field theory interpretation exists if at singularities 
on the CB there are approriate massless BPS states in the theory, and if the charges of the 
BPS states satisfy the Dirac quantization condition. It turns out that all these requirements 
are independent in the sense that examples can be constructed where only one of them fails. 
Furthermore, these requirements should not only hold for generic mass deformations, but for 
all values of the mass deformation parameters. This last is equivalent to demanding that the 
low energy consistency requirements are satisfied for the whole web of theories connected by 
RG flows. 

5.1 Classification strategy 

An efficient way to impose these constraints is in order of increasing difficulty of computation, 
so as to eliminate as many inconsistent deformation patterns with as little work as possible. 
This means that we should impose the conditions as follows. 

1. Dirac quantization condition: The undeformable In and /* singularities correspond to 

very specific IR free theories contributing states with electric and magnetic u(l) charges 
on the CB which are (integer multiples of) Q = y/n. Dirac quantization implies that 
all charges must be commensurate. This immediately eliminates all but 31 deformation 
patterns as unphysical. 

2. Special Kahler conditions: There are two parts to this condition. 

The first is the necessary condition that the total EM duality monodromy around the 
undeformed singularity should be realizable as the product of the monodromies around 
all the singularities in the deformation pattern; see figure 4. There are some simple, 
though somewhat technical, tests for this condition that further eliminate all but 20 
deformation patterns as unphysical. 

The second part is the construction of the SW curve and 1-form satisfying the special 
Kahler conditions reviewed in appendix A. This step is quite technical and requires 
computer help. The explicit solution allows us to deduce the flavor symmetry of the 
underlying SCFT, as described in 4.4. The result, however, is that 19 of the 20 remaining 
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deformation patterns have a unique special Kahler solution, and the remaining one has 
two inequivalent such solutions. Furthermore, all the solutions turn out to be related to 
restrictions of the maximal deformation solutions in a simple way, as described above 
in section 4.1. 

3. RG flow condition: Upon turning on mass terms the flavor symmetry of the SOFT will 
be broken in various ways depending on the pattern of masses. For special patterns of 
masses, some of the undeformable singularities will merge into other singularities on the 
CB. A necessary consistency condition is that for any pattern of masses the resulting 
singularities have an interpretation in terms of either IR free or conformal theories with 
the required flavor symmetry to account for the unbroken part of the flavor symmetry. 
Testing this condition is also technical, as it requires the explicit mass-dependence of 
the SW curves. The end result is that of the 20 special Kahler deformation patterns, 
only the 17 deformation patterns listed in table 1 meet this requirement. 

In the remainder of this section we will discuss each of these conditions in turn. The Dirac 
quantization constraint is simple to implement, so will be fully described here. The details of 
the implementation of the special Kahler and RG flow conditions will be left to a companion 
paper [1], where explicit expressions for the SW curves and 1-forms for all the special Kahler 
deformations will be given. Here we just summarize the results of imposing these constraints 
and comment on a few interesting features of the solutions. 

5.2 Dirac quantization condition 

We have seen in section 4.2 that only the type In undeformable singularities for 1 < n < 9 
and the type /* frozen singularities for 1 < re < 3 can appear among deformation patterns of 
the scale invariant Kodaira singularities. Also the III* and IV* singularities may appear if 
there exist corresponding frozen SCFTs. 

The undeformable In and /* singularities correspond to very specific IR free theories 
contributing dyonic states with electric and magnetic u(l) charges on the CB which are 
integer multiples of Q = ^/n. If a given dyon has magnetic and electric charges (p, q) , then Q 
is the EM duality invariant charge defined by = gcd{p^, q^); see the discussion in appendix 
A. The Dirac quantization condition implies that the invariant charges of all states in the 
theory must be commensurate. In particular, the charges of the massless hypermultiplets at 
each In or I* singularity on the CB must be commensurate.^^ 

This gives a simple but strong constraint on the allowed deformation patterns. For 
instance, the deformation pattern II* —)• { 11 , 13 } is allowed by the condition that the sum 
of the orders of vanishing of the discriminants of the singularities on the two sides are equal 

^^Charges at different points on the Coulomb branch are measured relative to different u(l) gauge couplings, 
so one really needs to compare charges at the same point. Even moving adiabatically on the Coulomb branch, 
charged states may decay upon crossing a curve of marginal stability. However, by charge conservation, and 
since this process only changes a charged 1-particle state into an integer number of charged 1-particle states, 
the commensurateness (or not) of the charge basis cannot change. 
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sing. 

ordo(Da;) 

deformation pattern 

II* 

10 

{/I'O}, {h\h], {h\iv*], {hjv*], 



{/l,/9}, {/|}, {h,h}, {11}, { 12 , 1 * 2 } 

III* 

9 

{h,iv*}, {/s'} 

IV* 

8 

{h^}, {h\h}, {/!,/{}, {I^}, {h^} 

T* 

-'o 

6 

{/i^l, {h^h}, 1 / 2 '}, {/s'l 

IV 

4 


III 

3 

{/i^i 

II 

2 

{h^} 


Table 4. List of deformation patterns of Kodaira singularities allowed by the Dirac quantization con¬ 
dition. The ones in grey are incompatible with the SL(2, Z) monodromies of the Kodaira singularities. 

(see table 2). But the undeformable Ii singularity is a u(l) gauge theory with massless 
hypermultiplets of invariant charge 1, while the frozen Jg singularity is an su(2) gauge theory 
with a half-hypermutiplet in the 4 irrep, normalized so that upon higgsing it contributes 
states with u(l) invariant charges which are multiples of Therefore such a deformation 
pattern is not compatible with the Dirac quantization condition. 

It is now a simple matter to list all the commensurate deformation patterns satisfying the 
Dirac quantization constraint. The resulting list of 31 deformation patterns is shown in table 
4. Note that some of these commensurate-charge deformation patterns have non-integral 
invariant charges. 

In table 4 we have also included deformation patterns which use the hypothetical frozen 
III* and IV* singularities. Since we do not know a priori what is the normalization of the 
CB charges for these theories, the Dirac quantization condition does not provide much of a 
constraint. However, if we assume there is only a single frozen IV* singularity, it cannot be 
consistent with both charge 1 and charge y/2 invariant charge quantizations. Thus in this 
case either the II* —)• {Ii^,IV*} and III* —)• {Ii,IV*} or the II* —)> {h^IV*} deformations 
are consistent with Dirac quantization, but not both. This is reflected in the cases separated 
by the “or” line in table 1. 

5.3 Special Kahler conditions 

As explained above, the allowed deformation patterns are also constrained by the condition 
that the monodromy around a curve enclosing all the singularities resulting from the split¬ 
ting should be in the same SL(2,Z) conjugacy class as that of the monodromy around the 
initial singularity. A simple test involving a relation between the Q^’s of the undeformable 
singularities and the trace of the total monodromy serves to eliminate many of the possible 

^^This last conclusion can be avoided, and non-commensurate deformation patterns can be allowed by the 
Dirac quantization condition, if we are willing to drop the assumption — largely implicit so far — that the 
Coulomb branch has the topology of an open disc. This can be done if we drop the regularity assumption on 
special Kahler geometries discussed in appendix A. We will explore this possibility elsewhere [14]. 
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deformation parameters in table 4. Also, many others can be easily shown to satisfy the 
monodromy constraint by using the explicit monodromies of the maximal deformation pat¬ 
terns described in [46-50]. A few deformation patterns require more work to rule in or out. 
These arguments are given in detail in [1]. The result is that of the patterns allowed by Dirac 
quantization, the ones in grey in table 4 fail the monodromy condition, leaving 20 viable 
possibilities. 

We then construct a single special Kahler geometry for each deformation parameter, 
except for the II* —)• pattern for which we hnd two inequivalent geometries. We are 

not able to prove that these are the only special Kahler geometries with these deformation 
patterns, since our methods of construction rely on making some assumptions. But in many 
cases we hnd the same solution using different methods of construction which rely on quite 
different assumptions. The details of the construction and the resulting solutions are presented 
in [1]. 

One result of constructing explicit solutions is that it enables us to determine the flavor 
symmetry of the SOFT, as explained in section 4.4. Table 5 lists the flavor symmetries 
deduced from the special Kahler geometries found for the deformation patterns in table 4 
satisfying the monodromy condition but which do not already appear in table 1. The special 
Kahler geometries in table 5 are the ones that do not satisfy the RG flow condition to be 
described in the next subsection. 


deformation 

flavor symmetry 

II* ^ {h^ii} 

sp(4) 

11 * 

sp(6) 

11 * 

so(7) 

III* 

su(2) © su(2) 


Table 5. List of deformation patterns satisfying the special Kahler conditions, but not the RG flow 
condition. Their would-be flavor symmetries are also listed. 

Another interesting result of constructing the explicit solutions is that we And that the 
special Kahler geometries for the {/ 2 ^} and {Ii^,Ii] deformations of the Ig singularity are 
the same [1]. Their SW curves are related by a 2-isogeny: a 2-to-l map which rescales the low 
energy u(l) gauge coupling by a factor of ^/2. This rescales electric and magnetic charges by 
opposite factors of \/2, which is what is required to change from the {/ 2 ^} pattern which has 
both charges normalized to Q = \/2 to the {/i^, I a} pattern which has some Q = 1 and some 
Q = 2 states. Both these curves describe the M = 2* su(2) gauge theory which has an adjoint 
hypermutiplet and has AA = 4 supersymmetry when the hypermultiplet is massless.It is 
interesting to note that, copying the discussion given in section 4.5 of [6], the {/i^, 14 } form of 
the curve has one weak coupling limit where the light electric degrees of freedom have charges 
normalized to be multiples of 1 and the magnetic monopoles have charges normalized to be 
multiples of 2, and a second weak coupling limit which is the same but with “electric” and 

^^The {h^} form of the curve is the one constructed originally in [4]. 
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“magnetic” interchanged. These match with the expected charge quantizations in the two S- 
dual weakly coupled descriptions of the M = 2* su(2) theory, the first with global form of the 
gauge group the simply connected SU(2), and the second with gauge group SO(3) = SU(2)/Z2 
[51]. The {/ 2 ^} form of the curve, on the other hand, has both electric and magnetic charges 
quantized in the same units. Both descriptions are consistent with S duality since all the 
actual (dynamical) states in this theory (on M^) have “2-ality” 0 so are not sensitive to the 
global form of the gauge group. 

5.4 RG flow condition 

For generic values of the mass deformation parameters, the flavor symmetry, T, is broken to 
rank(F) u(l) factors. Also for generic values of the deformation parameters, the singularity 
is split into the undeformable singularities of the deformation patterns listed in table 1 or 
table 5. We have seen that the In undeformable singularities have a u(l) flavor symmetry, 
while the /*, III* and IV* undeformable singularities have no flavor symmetry. One checks 
that all the entries in tables 1 and 5 have at least rank(F) separate u(l) factors for a generic 
deformation. (They are allowed to have more than rank(F) low energy u(l) flavor factors for 
the reasons outlined in section 4.3.) 

This consistent account of the flavor symmetries must also persist for non-generic values 
of the mass parameters. Certain patterns of mass parameters do not completely break F 
to abelian factors but leave some nonabelian factors unbroken. For these mass patterns, 
groups of the undeformable singularities must merge to form new singularities on the CB. 
Furthermore, these resulting singularities must have an interpretation in terms of either IR 
free or conformal theories with the required flavor symmetry to account for the unbroken part 
of the flavor symmetry. 

An example where this test fails is the special Kahler geometry describing the generic 
deformation pattern II* —?• with sp(4) flavor symmetry, shown in table 5. One 

finds from the SW curve for this geometry that upon turning on masses breaking sp(4) —)• 
su(2) © u(l) in one way,^^ the singularity pattern on the CB is {/ 3 ,/i}. The R singularity 
carries an u(l) flavor symmetry. The /g singularity is an IR free su(2) gauge theory with 
one-loop beta function coefficient satisfying bo = 3/a^ by (4.5) for some charge normalization 
factor a given in (4.7). Combining this with (4.1), (4.3), and the rules for deducing the flavor 
symmetry from the hypermultiplet representation content, one finds that the only theory 
giving an su(2) flavor symmetry and an Jg singularity is the su(2) gauge theory with half- 
hypermultiplet representation content 2 • 2 + 2 • 3 and with charge rescaling factor a = \/3. 
But this charge normalization is incompatible with Dirac quantization since there is also an 
Ii singularity which necessarily has charges normalized to multiples of Q = 1- Thus this 
special Kahler deformation does not have a consistent interpretation as a low energy field for 
special values of its mass parameters. 

^■^There are two inequivalent ways of doing this for sp(4). 
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Note that this argument assumes there was no larger-rank accidental nonabelian flavor 
symmetry [1]. This is justified by the safely irrelevant conjecture, as discussed in section 4.1. 
Thus the RG flow condition can be thought of as testing the consistency of RG flows with 
the safely irrelevant conjecture. 

Some of the geometries listed in table 1 which are consistent under RG flows satisfy this 
condition in an interesting way. For example, consider the II* —?■ {/i®, Ia] deformation which 
has flavor symmetry sp(lO). When one turns on masses so as to break sp(lO) —)■ sp( 8 )©u(l), 
the II* singularity splits into the pattern (just as in the mass breaking in the last 

example). But now there is an IR free su(2) gauge theory giving the I 3 singularity and an sp( 8 ) 
flavor symmetry: it is the one with half-hypermultiplet representation content 8 • 3 and with 
charge rescaling factor a = 1/2. Since all the fields are in the 3, the CB charge normalization 
is given, by (4.6), as Q = 1, compatible with Dirac quantization and the existence of the Ii 
singularity. 

There are further conditions that consistency under RG flow imposes. There can be 
special patterns of masses for which some of the undeformable singularities will merge into 
other singularities on the CB, even though there is no enhanced unbroken flavor symmetry. In 
this case consistency requires that the new singularities correspond to SCFTs which only have 
u(l) or empty flavor symmetry. An example of a special Kahler geometry for which this test 
fails is the III* —?• deformation pattern with su(2) © su(2) flavor symmetry, shown 

in table 5. In this case there turns out to be a mass deformation breaking su(2) © su(2) —)• 
u(l)©u(l) for which the CB singularities are {//, }. But both the I^ and the II singularities 

correspond to theories with no flavor symmetry. 

These examples are meant to give an indication of the tightness of the RG flow condition, 
and of the intricate way that it is satisfied by the geometries listed in table 1 . A more detailed 
account is given in [ 1 ]. 

6 Concluding remarks 

We have described how to organize a systematic study of the Coulomb branches oi M = 2 
SCFTs, at least in the rank 1 case. We started our analysis from the old result that for 
one-dimensional Coulomb branches, there are only 7 geometries which can be interpreted as 
Coulomb branches of A/" = 2 SCFTs, classified first by Kodaira, and all of them do arise as 
Coulomb branches of particular Af = 2 SCFTs [4, 9-11]. But these scale-invariant geometries 
do not specify a corresponding SCFT uniquely since it is known [4, 13] that some can arise 
as Coulomb branches of multiple inequivalent theories. 

In the case of gauge theories, it is easy to characterize inequivalent SCFTs with the same 
Coulomb branch: they correspond to the different possible choices of matter representations 
for which the beta-function vanishes. We approached this problem in the non-lagrangian case 
by associating to the vicinity of each singularity on the CB a SCFT or an IR free theory, 
and then identified (or at least constrained) those theories by associating their deformations 
by local relevant operators to deformations of the CB geometry. We showed that relevant 
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operators only affect the vicinity of the singularity in question leading to the splitting of 
the initial singularity into lesser ones. This follows from our analysis of the properties of 
RG flows between theories that have moduli spaces of vacua, which gives results that have a 
rather different flavor than those for flows between fixed point theories without moduli spaces. 

We then found — essentially by computing in examples as reported in [1] — that the 
deformed geometry which specifies a given SOFT is determined by the topological data en¬ 
coded in the “deformation pattern”. The deformation pattern is the list of singularities (i.e., 
their associated EM duality monodromy conjugacy classes) to which the original singularity 
splits for generic values of the deformation parameter. By classifying the possible local M = 2 
deformations of M = 2 SCFTs and by a careful analysis of charge normalizations on the CB, 
we showed how to obtain the flavor symmetries of these SCFTs from the deformations of 
their CB geometries. 

Furthermore, these deformed special Kahler geometries are all found to be linearly re¬ 
lated to certain maximally deformed geometries, implying, in particular, that there are no 
obstructions to turning on different deformations simultaneously. We argued that this is ev¬ 
idence for the “safely irrelevant conjecture”: J\f = 2 field theories do not have dangerously 
irrelevant operators. 

Accepting this conjecture, together with an additional technical regularity condition on 
special Kahler geometries in the vicinity of singularities (whose physical interpretation is 
unclear), and assuming — as we also argued — that M = 2 supersymmetry is not consistent 
with gauging discrete nonabelian subgroups of flavor symmetries, it becomes a straightforward 
task to scan all the possible deformation patterns and eliminate those which do not have a 
consistent low energy field theory interpretation. The main low energy consistency conditions 
are that the Dirac quantization condition be satisfied on the Coulomb branch and the IR flavor 
symmetry under all patterns of mass deformations be consistent with the safely irrelevant 
conjecture. The resulting physically consistent deformed special Kahler geometries are those 
listed in table 1. Explicit formulas describing their geometries are given in [1]. A third paper 
[2] describes the calculation of the central charges listed in the table. 

The rank-1 CB geometries that we find include all those of SCFTs known already from 
RG flows or S-dualities in lagrangian field theories. These geometries have been constructed 
explicitly for the lagrangian and maximal deformation cases in [4, 9-11], and for the other 
cases they have been constructed in class S in [52-54] . The new geometries we find all flow to 
novel IR fixed points under generic mass deformations. The IV* —)• geometry with 

u(l) flavor symmetry flows to the frozen IR free su(2) gauge theory with a single massless 
half-hypermultiplet in the spin-3/2 representation. The other four geometries all flow to 
conjectural frozen III* or IV* SCFTs. 

There are many questions raised here that we have not been able to answer: 

• Is there a physical reason to impose the regularity condition on CB geometries? 

• Is there a proof that every special Kahler near deformation of a singularity can be 
extended to a maximal deformation of that singularity? 
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• Is there other evidence for or against the safely irrelevant conjecture coming from flows 
between higher-rank theories or from AdS/CFT arguments? 

• What discrete symmetries can be gauged in AA = 2 field theories? 

• Can conformal bootstrap, RG flow, S-duality, or string constructions be used to show 
the existence of SCFTs with the new CB geometries found here? 

We believe that the systematic approach presented here both improves our understanding 
of rank 1 N = 2 SCFTs and provides a coherent framework for extending this understanding. 
The two most obvious extensions are: lifting the restriction to regular CB geometries, and 
lisfting the restriction to rank 1 CB geometries. Both of these extensions lead to dramatically 
richer CB geometries and are under active investigation [14]. 

Finally, it would be very interesting to be able to connect the information which can be 
extracted with the geometric methods explained here, with the current efforts on studying 
conformal theories using bootstrap techniques. The main obstacle in this direction is the lack 
of satisfactory understanding of the relation between local CFT data and effective actions on 
moduli spaces. 
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A Rank 1 regnlar special Kahler geometry 

We review some technical details [3, 4, 55] of the description of rank 1 (1-dimensional) 
Coulomb branch (CB) geometries. 

Rank 1 CBs are locally coordinatized by a single complex variable u which can be thought 
of as (some holomorphic function of) the vev of the complex scalar field in the low energy 
massless u(l) vector multiplet. We are interested in scale-invariant CBs and their deforma¬ 
tions which have the complex structure of an n-punctured sphere, and we will take u to be a 
global complex coordinate on this sphere. We put one puncture at u = oo which will also be 
metric infinity; all other punctures will be at finite distances. We will discuss examples with 
different structures elsewhere [14]. 

Following the discussion in section 3.2, a deformation of a scale-invariant CB will depend 
holomorphically on some number of complex (marginal or relevant) deformation parameters 
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q, /X, and m. Thus we will really be interested in a whole family of rank-1 CBs parameterized 
by some set of deformation parameters. Here g is a dimensionless exactly marginal coupling, 
/X is a chiral term coupling with dimension 0 < A(|u) < 1, and m is a vector of masses of 
dimension 1. We will generally suppress explicit mention of the q, /x, and m dependence of 
the geometrical objects on the CB: whenever a quantity depends on the coordinate u, it will 
also be understood to depend on the deformation parameters as well. 


CB formulation of special Kahler geometry. The massless vector multiplet IR (2- 
derivative) effective action on the CB is specified by the kinetic terms for its scalar fields 
and by the coupling of the Maxwell field. The complex scalar gives a Kahler metric on 
the CB. The u(l) gauge coupling, r(u,m) := ^ + is complex analytic in u and the 
m by standard N = 2 non-renormalization theorems, r is allowed to be discontinuous by 
u(l) electric-magnetic (EM) duality transformations. The EM duality group, SL(2,Z), is 
generated by two elements, 


S = 




(AT) 


which satisfy = (ST)^ = —I and acts on r by fractional linear transformations (A.3). The 
central charge of the supersymmetry algebra is a linear combination of global u(l) charges 
on the CB, and is given by 


Z{u) = caniu) + d a{u) + a;(m) 


(A.2) 


where (c, d) G W? are the integer magnetic and electric charge numbers and a; G Aj? ~ 2 ''ank(F) 
are the vector of “quark number” charges (i.e., the charges under the part of the 

flavor symmetry, E, of the CFT which is generically unbroken by mass terms). The lattice of 
these charges, Aj?, is identified with the root lattice of F. The normalization of the magnetic, 
electric, and quark number charges is discussed further below. 

The pair [ao^a) are the “special coordinates” on the CB and form a holomorphic section 
of an SL(2, Z) vector bundle over the CB. Equivalently, both the low energy coupling and the 
special coordinates are holomorphic functions on the CB which may be multivalued up to an 
SL(2,Z) action. Specifically, upon traversing a closed path 7 in the CB, they may change by 



r —>■ 


At + B 
Ct + D' 


for 



gSL(2,Z). (A.3) 


is the EM duality monodromy of 7 . By continuity, if 7 is contractible then = I since 
SL(2, Z) is discrete. Thus non-trivial monodromies are associated to paths encircling singu¬ 
larities on the CB. More generally, the monodromies give a representation of the fundamental 
group of the CB in SL(2,Z). 

M = 2 supersymmetry and unitarity imply the SK conditions 


daf) 

da 


and Imr > 0 . 


(A.4) 
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(There is a further integrability condition at higher rank, which is trivially satished at rank 
1.) Furthermore, the Kahler potential on the CB is given by /C = Im(a£)a*), giving the metric 
ds^ = (Im r) da da* in a special coordinate system. 

Normalization of the central charge. A linear transformation () —?• M with 
M G SL(2,Z) takes special coordinates to special coordinates, and is called a change of EM 
duality basis. The central charge (A.2) is invariant under this change of basis if the magnetic 
and electric charge numbers are redefined as (c, d) —)• {c,d)M~^. Since the choice of EM 
duality basis is a matter of convention, charges and monodromies are only meaningful up to 
an overall action or conjugation in SL(2,Z). 

Denote by 2 : the row vector of the physical magnetic and electric charges of a particle, 

z:={p,q). (A.5) 

We want to understand the relation of the magnetic and electric charge numbers (c, d) appear¬ 
ing in the central charge which we have normalized to be integers, with the physical charges 
jz. The usual Dirac-Schwinger-Zwanziger quantization condition [56-58] is the statement that 
the charge inner product of two dyons, 

{zi, Z 2 ) := piq 2 - qiP 2 , (A.6) 

is given by a multiple of an integer, {zi,Z 2 ) G Z. This condition does not actually imply 
that magnetic and electric charges are integral, rather only that p = cm and q = de for 
integers (c, d) (with both c = 1 and d = 1 realized in the spectrum) and some fixed positive 
real (m,e) satisfying me := P G N. When P = 1 we absorb e and m in the u(l) gauge 
coupling, which are themselves absorbed in the normalization of the special coordinates on 
the Coulomb branch. But when P 7 ^ 1, they cannot be reabsorbed into the gauge coupling, 
and an additional rescaling of a{u) relative to aniu) is needed. This can be interpreted as 
changing the relation between the low energy u(l) coupling, r := da^/da, and the u(l) 
(electric) coupling from Imr = dvr/e^ to Imr = P • 47 r/e^. See, for example, the discussion 
in [4]. For general P, we choose to rescale the u(l) coupling so that m = e = ^/P, and define 

z := {p,q) := ^/P {c,d), with Cjd^Z, and P G N, (A.7) 

to be the magnetic and electric charge vector of a state. 

As mentioned above, the freedom to make a change of EM duality basis reflects the 
freedom to choose different definitions of what we call electric and magnetic charges. A 
choice of a pair of charge vectors { 21 , Z 2 } forming a basis of the charge lattice with invariant 
product {zi,Z 2 ) = P is equivalent to a choice of EM duality basis. Indeed, the subgroup 
of GL(2,Z) transformations (which take bases of the charge lattice to other bases) which 

^®In cgs units the charge inner product measures the angular momentum in the EM field of a static pair of 
dyons, and so is normalized to be a half-integer. Here we are simply redefining what we mean by “magnetic 
charge” by a factor of two to make (A.6) correct. 
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preserve the invariant product is Sp(2,Z) ~ SL(2,Z), independent of the value of P. This is 
the group of EM duality transformations. An SL(2,Z) invariant of a single dyon charge, jz, 
is its EM duality invariant charge, Q, defined by 

:= gcd{p^,q^) and Q > 0. (A.8) 

Note that the EM duality invariant charge Q must be an integer multiple of y/P. This possi¬ 
bility that the charge vector may not be integral plays an important role in the classification 
of rank 1 SCFTs. 

The cj(m) term in the central charge (A.2) involves the vectors “quark number” charges, 
u, under the generically unbroken symmetry. These charges span a lattice of 

rank rank(E). Since the linear mass parameters m transform in the adjoint of F, whenever 
Q:(m) = 0 for a. a root of F there should be a degeneracy in the BPS spectrum since on 
these subspaces the flavor symmetry is not completely abelianized (i.e., it has some unbroken 
non-abelian factors). Conversely, if there were some uj not in the root lattice of F, then there 
will be additional degeneracies in the BPS mass spectrum at every point on the CB for masses 
satisfying a^(m) = 0 which are not due to an enhanced symmetry. Discounting the existence 
of such accidental degeneracies which persist for all values of u, we conclude that the lattice 
of quark number charges must be the root lattice of F. 

The normalization of the masses m relative to the CB vev u is in principle fixed by a 
choice of normalizations of the local CB and Higgs branch primary operators in the SCFT. 
But the relation of the local operator algebra of the SCFT to the effective action on the 
moduli space is not currently understood, so in practice the relative normalizations of m and 
u in the CB geometry is arbitrary. Similarly, a metric on the quark number charge lattice, 
Ap, is in principle determined up to an overall normalization by the Killing form on F. But 
the Killing form on F does not enter directly in the low energy effective action on the CB, 
and can only be inferred indirectly by how Weyl(F) acts on it; see the discussion in section 
4.4. 

Total space formulation of SK geometry. The IR effective action on a rank-r Coulomb 
branch can be encoded in terms of EM duality invariant geometrical data [4, 55, 59] as the total 
space of a family of r-complex-dimensional abelian varieties (with a choice of polarization) 
holomorphically fibered over the CB, together with a holomorphic symplectic form on the 
total space for which the CB is a lagrangian submanifold. (See [19] for a discussion of 
various geometrical formulations of SK geometry and their interrelations.) A specific algebraic 
realization of this data in the rank 1 case is [3, 4] as a holomorphic family of elliptic curves, 
S(?x, m), identified with the complex torus fiber of the total space, written in Weierstrass 
form 


S(ri, m) : y'^ = + f{u, m) x + g{u, m). 


(A.9) 
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/ and g are complex analytic in the relevant parameters m. Some simple examples are given 
in the second column of table 2.^® The holomorphic symplectic form (really, its integral along 
some path in the CB) is specified by the SW 1-form, A(tt, m), a meromorphic 1-form on the 
fiber satisfying the following SK conditions constraining its u- and m-dependence, 

dX 

— = n -|- d4>, Res(A) G {a;(m) I u G and {Res(A)} spans Ap. (A.10) 

ou 

Here H is a non-vanishing holomorphic one-form on the fiber S(u, m), and will be discussed 
in more detail below; cj) is an arbitrary meromorphic function on the fiber; Res(A) means the 
residue of A at any of its poles; and Ai? is the weight lattice of F. (We use a notation in which 
weights and masses are dual: if f is the Cartan subalgebra of T, then cj G f* and m G fc, and 
cj(m) := is the dual pairing.) 

The curve and 1-form are related to the low energy data on the CB as follows. The 
complex structure of the torus fiber is the low energy u(l) gauge coupling. The magnetic and 
electric u(l) charge numbers (c, d) and “quark numbers” n* of a BPS state, parameterize the 
homology class of a cycle [ 7 ( 0 , d, n*)] = c[a]+d [/3] -|-n® [Ji] on the fiber, which determines the 
central charge (and BPS mass) of these states by ^([ 7 ]) = ^ A. Here a and fd are a canonical 
basis of 1-cycles on the torus, and the 5i are a basis^^ of cycles around the poles of A. This 
then reproduces (A.2) with special coordinates ap := X and a := X, and flavor charge 
of the BPS state given by cj = n*cji where cji(m) is the residue at the f-th pole of A. The 
differential SK condition on the 1-form (A. 10) then ensures the SK conditions (A. 4). 

Since charges are encoded in 1-homology classes of the fiber, the charge inner product 
(A. 6 ) is encoded in a non-degenerate integral antisymmetric pairing, (•,•), of 1 -cycles on 
a 2r-torus (the abelian variety fiber). This is called a choice of polarization on the 2r- 
torus. For a 2-torus (the rank-1 case) a polarization is thus a positive integral multiple of the 
intersection form for 1-cycles. On a canonical basis {a, /3} of 1-cycles, the polarization is given 
by {a, a) = {13,(3) = 0, {(3, a) = —{a, (3) = P, for P G {P is the elementary divisor of 
the Hodge form associated with the polarization.) The subgroup of GL(2, Z) transformations 
of Ffi(S,Z) which preserve the polarization is Sp(2,Z) ~ SL(2,Z), independent of the value 
of P. This is the group of EM duality transformations. (For higher-rank cases, Sp(2r, Z) is 
the EM duality group only for principal polarizations.) 

The location of CB singularities can be readily obtained from (A.9). They are given by 
the zeros of the discriminant of the SW curve, 

D^{u):=Af {u) +27 g^{u). (A.ll) 

For scale invariant theories Dx{u) is a homogeneous polynomial in u. Its degree is thus the 
same as the order of its vanishing at u = 0, which we denote by ordo(T*a;)- In the case of IR 

^®The curves for the I( and I„ singularities in the table are not in Weierstrass form, but can be easily put 
in that form by an appropriate shift of x. 

^^There may be more than rank(P) poles of A, but since the residues are all integral combinations of the 
rank(P) mass parameters, mi, there are effectively only rank(P) independent cycles Si. 

^®The choice of sign of {a, (3) is determined by the condition (A.4) that Imr > 0. 
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free theories, the value of ordo(-D 3 ;) is closely tied to the number and gauge charges of states 
becoming massless at u = 0, as explained in section 5. 

Finally, it is important to note that / and g appearing in the Weierstrass form of the 
curve (A.9), as well as the 1-form, A, are not uniquely determined by the CB geometry. In 
addition to a constant rescaling of / relative to g which can be absorbed in an appropriate 
rescaling of x and y, there can also be discrete nonlinear transformations of / and g which 
leave the hber geometry invariant. The 1-form is even less well-specihed since it may be 
shifted by u integrals of arbitrary total derivatives on the fiber. These ambiguities play an 
important role in [1] where we construct explicit representatives of S(m, m) and A(u,m) for 
each entry in table 1 . 

Regularity condition and the Kodaira classification. A general holomorphic one-form 
entering in (A. 10) is of the form 

flT 

n = P(u)— (A. 12 ) 

y 

for some holomorphic function P{u). Near any (non-singular) point u of the CB P{u) ^ 0, 
so we can make an analytic change of variables to a u = u{u) coordinate on the CB such 
that (A.10) holds with respect to u with Q, = ndx/y for constant k in some neigborhood of 
u. But if P{u) vanishes or diverges at a singularity at u = u^, then no such u exists making 
P{u) constant in a neighborhood of u*. Thus the behavior of near singularities needs to 
be specified as part of the CB geometry. If Q has a pole at a singularity, it is easy to see that 
the distance on the CB to that singularity is inhnite. Thus divergent behavior of at finite 
u is unphysical. On the other hand, the physical meaning of vanishing at a singularity is 
not clear. We define 

a regular CB is one where does not vanish at any singularities. 

In this paper we restrict ourselves to regular CB geometries for simplicity. We do not know 
whether or not irregular CB geometries are compatible with unitary M = 2 field theory. 

We are interested in understanding the vicinity of a single singularity, which we can 
choose to be at ri = 0. Assuming this singular geometry is that of the CB of a unitary 
J\f = 2 superconformal field theory, it has a coordinate u with scaling dimension A{u) > 1 by 
unitarity, and with u(l)/j charge R{u) = A{u), implying that the CB geometry has a complex 
scale symmetry under u i—>■ yu for y £ C*. The possible scale-invariant fl’s are then 

( 17 ' 

0 = (A.13) 

y 

for non-negative integer n and complex constant k 7 ^ 0. The restriction to regular CB 
geometries limits us to the n = 0 case in (A.13). In this case, since relevant deformations are 
near deformations of the CB geometry (see section 3.1) which do not change the geometry of 
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the CB at large u, it follows that a deformation of the holomorphic one-form 0 of a regular 
scale-invariant CB by relevant parameters m can only be of the form 

(I'T 

0(m) = K—, (A.14) 

y 

for K a constant independent of u or the m, since scaling, analyticity, and the large-n asymp¬ 
totics imply that any non-trivial dependence on u or m leads to zeros or poles in k for 
arbitrarily small m. 

A similar argument, using the freedom to rescale x and y in (A.9) by holomorphic func¬ 
tions of u and m while preserving the Weierstrass form of the curve implies that / and g can 
be taken to depend polynomially on u and the m. Furthermore, the freedom to rescale u 
(relative to the central charge, or, equivalently, the one-form A, which fixes the overall scale 
in the problem) allows us to take k = 1 in (A.14). 

For scale-invariant geometries (i.e., with m = 0) it is then straightforward to classify all 
the possible CB geometries by taking / and g in (A.9) to be homogeneous polynomials in 
u and imposing a symmetry under complex rescalings. This determines the relative scaling 
weights of X, y, and u, and since Z has mass dimension 1, so must A, and then (A.10) together 
with the regularity condition, (A.14), determine the scaling dimension of u. The result is that 
the only scale-invariant CBs with A(n) > 0 and a singularity at the origin are given by the 
first 7 entries in table 2 which lists the Kodaira classification [7, 8] of singularities of families 
of elliptic curves varying holomorphically with u. In that table, the freedom to shift and 
rescale the x, y, and u variables appropriately has been used to put the curves in Weierstrass 
form, to put the singularity at u = 0, and to fix the normalizations of the terms. 

For the first seven entries in the table, the equation (A. 10) for the SW one-form is solved 
by A ~ udx/y. The discriminants of these singularities are homogeneous in u, ~ 
for some n := ordo(A) listed in the table. In particular, the only singular fiber on the 
Coulomb branch is at the origin. A representative, Mq, of the SL(2,Z) conjugacy class of 
the monodromy around the singularity is shown. The overall geometry is that of a cone with 
positive deficit angle. The complex u(l) gauge coupling, tq, is constant on the CB. (The Iq 
singularity is actually a family of singularities with arbitrary tq.) 

The last two rows of the table show two infinite series of singularities which depend on 
an extra dimension-one parameter, A. In the limit A —)• 0, they are scale-invariant but have 
geometries which are degenerate cones (i.e., with deficit angle 27r). The value of the u(l) 
gauge coupling at the tip is tq = zoo, corresponding to the weak coupling limit. These CB 
geometries thus have the interpretation as the CBs of IR free field theories near u = 0, with 
A playing the role of the strong coupling scale (Landau pole). They have singular fibers not 
only at u = 0 but also at points u A^W, but, given their interpretation as IR free theories, 
we are only interested in the vicinity of the origin, |u| <C In this limit the SW one-form 

is again of the form A ~ udxfy near u = 0, and ordo(Ila;) is given in the table. We discuss 
the physical interpretation of these singularities in detail in section 4.2. 
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Finally, we comment on how this classification of scale-invariant and IR-free rank-1 CBs 
changes once the regularity assumption is lifted. One finds that for n > 1 in (A. 13) one 
finds in addition scale invariant (conical) CB geometries with 0 < A(n) < 1. These violate 
the unitarity bound for scalar primaries in 4d CFTs and, geometrically, have negative deficit 
angles (i.e., negative curvature at the tips of their cones). In addition for each n there are 
new SW curves for each of the entries in table 2 with all the same physical data (dimension 
of u, EM duality monodromy, deficit angle, u(l) coupling) but different powers of u in the 
curve and different order of vanishing of their discriminant. 


B Review of = 2 superconformal null states and representations 


The M = 2 superconformal algebra is generated by so(4) ~ su(2) x ^(2) Lorentz rotations, 
u(l)/j X su(2)ij rotations, dilatations, translations special conformal transformations 

supertranslations Qf and and superconformal transformations Sf and Sf. Here 
(a, d, i) are spinor indices under the su(2) x ^(2) x su(2)/j symmetry. The nonvanishing 
u(l)j:j charges, r, of the generators are 

r(Q) = r{S) = -r(Q) = -r{S) = (B.l) 


which follows the normalization used in [18, 25]. 

Positive energy representations of a superconformal algebra are formed by acting repeat¬ 
edly on a primary field with the {Q, Q) operators to form a multiplet of descendant fields. 
The primary (annihilated by {S, S) at the origin) is characterized by its dimension A, Lorentz 
spins su(2)fl spin (“R-spin”) R, and u(l)/j-charge r. If a primary X has dimension A, 

its descendant is said to be at “level F’ if it has dimension A -|- (^/2). 

We use a dot to denote contraction of spinor indices, while a vee on supercharges, Q'^ 
etc., acting on a field means pick out the irrep with highest R-spin. For example, if A is a 
field with R-spin R, then X has R-spin R+ (Equivalently, the vee means symmetrize 
on the su{2)pi spinor indices.) Note that when the R-spin of X vanishes, then QX = Q'^X 
since it can only have R-spin Einally, we use the shorthand “G 1 G 2 • • • GnX^^ for the nested 
(anti)commutators of charges acting on a field [Gi, [G 2 , • • • {Gn-,X} •••}}. 

Positivity of the norm of the following descendants of superconformal primary X^~ of 
u(l)/j charge r and dimension A leads to the inequalities [25, 60] 


J=0: ||Q^A||>0 

J=0: ||(gV)2A|| >0| 

J>0: ||QWx||>0j 

j = 0: ||g^A||>0 

j = 0: ||(Q^)2A|| >0| 

j>0: ||g^-A||>0j 


A>2R-r, (B.2a) 

A>2R + 2-r + 2j, (B.2b) 

A>2R + r, (B.3a) 

A>2R + 2 + r + 2j. (B.3b) 
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When any of these inequalities is saturated there is a corresponding null state, and these are 
all the independent null states that can occur, i.e., any other null state is a descendant of one 
of these. These unitarity bounds lead to the list of unitary J\f = 2 representations shown in 
table 6. 


Af = 2 superconformal unitary, positive-energy representations 

Name [25] 

Primary field quantum numbers 

Null states 

/lA 

^R,rU,7) 

^RU,J} 

BR^r{j,0) (— ^r{j,0) If R H) 
BR,r{0,J) (= if R=0) 

'Br (i.O) 

'Br(0,j) 

Br 

A >2R + 2+\r + j-j\+j+J 

A = 2R + 2 — r + 2J, r < J— j 

A = 2R + 2 + r + 2j, r > J— j 

A = 2R + 2+j +J, r=J-j 

J = 0 A = 2R — r, —r>j + l 

j = 0 A = 2R + r, +r >J+1 

J = 0 A = 2R — r, —r=j + l 

j = 0 A = 2R + r, -j-r =J+1 

j =J = 0 A = 2R, r = 0 

none 

{B.2b) 

(B.3b) 

(B.2b) & (B.3b) 
(B.2a) 
(B.3a) 

(B.2a) & (B.3b) 
(B.2b) & (B.3a) 
(B.2a) & (B.3a) 


Table 6. The names of the representations are given along with the constraints satisfied by the 
Lorentz spins R-spin i?, u(l)/j charge r, and dimension A of their primaries. The independent 

null states of each type of representation are also shown. 


The most important representations for our purposes are the “semi-chiral” B multiplets 
(and their conjugates) and their “bi-chiral” B shortening. Vevs of the Lorentz-scalar primaries 
of these multiplets can parameterize the moduli space of vacua of the SOFT. 

The B multiplet primaries have j = 0 and satisfy the right-chiral condition (B.3a), so a 
product of B primaries coupled to the maximal R-spin is also a B primary. This implies that 
Lorentz scalar B multiplet primaries with maximal R-spin {R^ = R) form a chiral ring. A B 
multiplet primary is a Lorentz scalar satisfying both left and right chiral conditions (B.2a) 
and (B.3a), so the product of two B primaries coupled to the maximal R-spin is also a B 
primary. So their complex scalar primaries with highest R-spin (R3 = R) also form a chiral 
ring. Also, it is easy to see that the product of a B maximal R-spin primary with a scalar B 
multiplet maximal R-spin primary is another scalar B primary. Thus these operators together 
satisfy the chiral ring relations 

^R,r(0fi) V ^5,s(0,0) = , r-l-s (0,0)) BrV Bs = Br+s, 

Br V Bs^s{ofl) = I3r+s ,s{o,o}^ (B.4) 

where the vee means couple to the maximal R-spin. 

The B multiplet with ii = 0 (A = 0) is the identity, and one with R = ^ (■A = 1) 
is a free massless hypermultiplet. Those with R = 1 (A = 2) have a conserved current at 
the second level, so transform in the adjoint of the M = 2 flavor symmetry algebra. Since 
the non-trivial B primaries carry no u(l)fl charge and have non-zero su(2)jj spins, their vevs 
are identified with the Higgs branch complex coordinate ring. The R = 0 B multiplets are 
anti-chiral, and are also called “T” multiplets. The Ro,r(o,o) = ^r{o,o) scalar primaries may be 
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identified with Coulomb branch chiral ring operators, as they have zero R-spin but non-zero 
u(l)/j charge. The ^_R,r(o,o) scalar primaries with R > 0 may be identified with mixed branch 
chiral ring operators. Finally, the Lorentz scalar T’ij(o,o) maximal R-spin primaries are just 
specializations of the ^i?,r(o,o) scalar primaries to r = 1, and satisfy the same chiral ring 
relations (B.4). In general, the R-spin singlet R multiplets are free fields, and in particular 
the Vq ( 0 , 0 ) are free (anti-chiral) vector multiplets. 

We should note that the identification of all these chiral ring operators with Higgs, 
Coulomb, and mixed branch operators is conjectural [6, 18]: it is possible that some or 
all of them may occur in the SCFT operator algebra but do not correspond to flat directions. 

C Local Af = 2 supersymmetric deformations of SCFTs 

The possible candidate local operators which can deform the “lagrangian” of an AA = 2 SCFT 
are given by all combinations of supercharges, acting on primary operators. 

Lorentz invariance implies the spins must be contracted to form scalars, so the spins of the 
primaries must be the same as those of the supercharge combinations acting on them. We 
make no assumption about the R-spin of the primaries, nor do we require that the total R-spin 
of the deformation terms vanish. [Af = 2 supersymmetry does not require su(2)ij invariance.) 

Af = 2 supersymmetry invariance requires that each of these possible terms be trans¬ 
formed into total derivatives by both and Qt for all i, a, a after using the Af = 2 su¬ 
pertranslation algebra. The only place derivatives come from in the supertranslation algebra 
is from the anticommutator of a Q with a Q. After dropping total derivatives, the Af = 2 
supertranslation algebra simply says that all Q's and Q’s anticommute. Thus Af = 2 su¬ 
persymmetry invariance requires that each term is annihilated upon antisymmetrizing with 
the Q and Q. The only extra conditions that primaries can satisfy are the vanishing of 
the null states (B.2a)-(B.3b), so these supersymmetry annihilation conditions must follow as 
descendants of one or more of these null states. 

Start by considering just left-chiral spins (“1-spins”); we will later combine them with 
right-spins. So we consider “Q-primaries” Y)^ of R-spin R and 1-spin j satisfying one or none 
of the left-chiral shortening conditions (B.3a) or (B.3b). These Q-primaries may therefore be 
of the form Y = Q^X for X a superconformal primary. 

The first thing to notice is that the possible 1-spins (j) and R-spins [R) that can be 
realized by combinations of the left supercharges are 

(Q-)f = I (g)j (Q2)1 (g2)0 (g4^0 | (^.1) 

All other 1- and R-spin combinations vanish by the supertranslation algebra. Acting on a 
Q-primary Y of 1-spin j and R-spin R, it follows from (C.l) that the possible 1- and R-spins 
of Y Q-descendants are (no correlations among the signs) 

(C-2) 
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Here {Q'^Y)'^ := {{Q'^)qY)^ and {Q'^Y)"^ := {{Q'^)'IY)^ are the two different “channels” for 
making total R-spin R and 1-spin j combinations. In all other cases there is only a single 
channel. If j < 1 or R < 1 then the entries in this list with negative total j or R should 
be discarded. Note also that if R = 0 then the {Q‘^Y)' ■ channel vanishes, while if j = 0, 

{Q‘^Y)"f = 0 . 

Now compute the 1- and R-spins of the Q-descendants of the various null states in (B.3a) 
and (B.3b). Acting on a Q-primary Yq of 1-spin j = 0 and R-spin R, the (B.3a) null state 
gives the null descendants 

(QYo)f^^ =0 => (Q%)^ } =0. (C.3) 

Since j = 0, the {Q^Yq)q descendant is in the (Q^Y)'^ channel, since the {Q'^YY'q channel 
vanishes identically. Comparing (C.3) to (C.2) with j = 0 we see that the existence of the 
(B.3a) null state puts no restrictions on the Yq descendants 

(Q'lo)^'}. (C.4) 

Note, however, that the first vanishes if R < | and the second vanishes if R < 1. Similarly, 
the null descendants of the first null state in (B.3b) are 

= 0 ^ (Q^Yo)^ } = 0, (C.5) 

and comparing to (C.2) with j = 0, we see that the existence of this null state puts no 
restrictions on the following Yq descendants 

0/{(Qlo)r", iQ^Yo)t\ (Q'>o)|±i, (Q'lo)|""}. (C.6) 

Again, since j = 0, the {Q^Yq)q descendant in this list is in the (Q^Y)'^ channel, whiles the 
other channel vanishes identically. Finally, consider the null state in (B.3b) on a Q-primary 
Y with 1-spin j > 0. Its null descendants are 

{QY0 = 0 ^ (C.7) 

J 2 

{(Q2y)j?_^, (Q2yy« + (g2yy/« {Q‘^Y)f+\ {Q^Y)^^}, (Q4y)f }=0. 

Comparing to (C.2), we see that the existence of this null places no restrictions on the Y 
descendants 

0/{(QR)f_7, {Q^Y)f-\ {Q‘^Yy^-{Q^Y)"f, (g2y)f+i}. (c.s) 

Note, however, that if R = 0, since (Q^Y)'j = 0, the {Q^Y)j descendant is in fact null. 

Now consider potential deformations of the form Q'^Y. We first demand that it be 
annihilated by Q, which we’ll call the “1-susy condition”. Then for each value of 0 < m < 4 it 
is easy to deduce the necessary conditions for the deformation to be 1-susy and non-vanishing: 
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m=0: The 1-spin of Y is j = 0, so the possible null states are (C.3) or (C.5). Looking at the 
QY descendants in (C.4) and (C.6), we deduce that a necessary condition for it to be 
an 1-susy deformation is that Y is an (C.3) null state with R = 0. 

m=l: The 1-spin of T is j = ^, so the only possible null states are (C.7). Of the two possible 1- 
spin singlet QY combinations, and the first vanishes by (C.7), 

so does not deform the action. The Q^Y descendants of the second combination are 
{Q‘^Y)^J~^ and {Q‘^Y)'y 2 — {Q'^Y)''y 2 - The first of these vanishes only for R < 1. The 

second vanishes, by the comment after (C.8), only when 72 = 0. But {QY)q ^ = 0 

when 72 = 0, so there are no 1-susy QY deformations. 

m=2: There are two 1- and R-spin Q^ combinations to examine: 

{Q‘^)q'- The 1-spin of Y is j = 0, so the possible null states are (C.3) or (C.5). From the 
Q^Y descendants in (C.4) and (C.6), we deduce that the deformation either: (a) 
has Y satisfying the (C.3) condition, or (b) is the 72-1-1 R-spin combination with 

Y satisfying the (C.5) condition. In case (a) the deformations with total R-spin 
72 and 72-1-1 vanish by (C.3), and in case (b) the total R-spin 72-1-1 component 
vanishes by (C.5). So these R-spin components do not deform the action. The only 
remaining potential deformation is the [(Q^)olo^]^~^ component with Y satisfying 
(C.3). 

(Q^)?: The 1-spin of T is j = 1, so the possible null states are (C.7). Since there are no 
Q^Y descendants in (C.8), it follows that the deformation is annihilated by Q if 

Y satisfies (C.7). But this potential deformation vanishes by (C.7) so does not 
actually deform the action. 

m=3: The 1-spin of T is j = so the possible null states are (C.7). Since the Q^Y descendant 
is not in (C.8), the potential deformation is 1-susy if Y satisfies (C.7). But the potential 
deformation vanishes by (C.7), so does not deform the action. 

m=4: This deformation is automatically annihilated by Q, so is 1-susy for Y a general multiplet 
(i.e., having no null descendants), and vanishes identically if Y satisfies any null state 
condition. 

To summarize, there are only 3 combinations of Q’s acting on Q-primaries, Y^^ = [Q^Xj]^, 
which can give non-vanishing deformations annihilated by They all have j = 0, so we 
only show their R-spin superscripts: 


(a) : 

[Q^Xf 

and X satisfies the (B.3a) null condition. 


(b): 

[(Q2)1 (q-x)«]^-i 

and X satisfies the (B.3a) null condition and 72 > 1, 

(c) : 


and X satisfies no null condition. 

(C.9) 
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Similar conditions hold as necessary conditions for a deformation to be annihilated by Q. 
Of the 9 possible ways of combining these conditions between left and right, the only one with 
non-trivial R-spins is {Q‘^)q {Q‘^)qXqq, which satisfies both the left- and right-chiral version 
of case (b) in (C.9) only for the [(Q^)o {Q‘^)o R-spin combination. Thus we get the 

9 types of possible J\f = 2 deformations of a SOFT shown in table 3, where we have used the 
R-charge assignments of Q and Q (B.l) and the restrictions on dimensions and R-charges in 
table 6 to get the listed R-charge and dimension conditions. 
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